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Abstract. The classical traffic assignment problem determines the equilibrium flows
on a congested network with many infinitesimal users who choose paths to minimize
their own travel times. Travelers care about cost (including tolls) as well as time, and
different travelers put different weights on these two criteria. We study a bicriteria
traffic assignment problem in which travelers differ in their tradeoff between a flow-
independent cost, such as tolls, and a flow-dependent cost, such as travel time. Existing
formulations require either finitely many user classes or positive preference densi-
ties, including formulations for positive preference densities that are either infinite-
dimensional or nonconvex. We formulate a finite-dimensional convex optimization
problem for arbitrary preference distributions with bounded support, including distri-
butions with a mixture of atoms, densities, and gaps in their support, and we show how
to convert an optimal solution to an equilibrium of the bicriteria traffic assignment
problem. We propose an algorithm that alternates between solving a convex problem
for a (typically small) number of paths, and solving a parametric shortest-path prob-
lem. Computational experiments on benchmark networks illustrate the performance

of the algorithm relative to existing methods.

1. Bicriteria Traffic Assignment Problem

Individual users, who want to travel from their origins to their destinations in a network, choose
their preferred paths (we use the term user instead of traveler/decision maker/player/agent). An
important problem is the determination of Wardrop equilibrium flows in the network, in which no
user wants to change their chosen path. We consider a problem with many infinitesimal (nonatomic)
users, so that an individual user’s path choice does not affect the desirability of the paths, that is,
each individual user can regard the desirability of the paths as independent of the user’s own path
choice. In addition, different users have different path preferences. For example, one type of user
may prefer a path from origin to destination with the least travel time, and another type of user may
prefer a path from the same origin to the same destination with the least monetary travel cost (such
as transit fees or tolls). We consider the bicriteria traffic assignment problem (BiTAP) in which

users choose paths from their origins to their destinations that minimize a weighted combination
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of two criteria, one called (travel) time and the other called cost or toll. The travel time along a
path depends on the flows on each of the arcs of the path, typically due to traffic congestion. As
pointed out in Marcotte et al. (1996) and Marcotte and Zhu (1997), a necessary condition for the
equilibrium conditions to coincide with the first-order optimality conditions of an optimization
problem, is that one of the criteria does not depend on flow rates. Therefore, in the standard BiTAP,
the cost/toll along a path does not depend on the flows on the path. Different users use different
weights for the two criteria, and users are partitioned into types according to their relative weights.
If the number of user types is finite, that is, the user type distribution has finite support, then a
modification, with additional user type indices, of the various formulations for the single criterion
traffic assignment problem can be used (see, e.g., Dafermos 1972). If the number of user types is
infinite, then alternative approaches are needed.

Next we set notation that will be used throughout, and then we present various formulations of
the BiTAP. Let (N, A) denote the finite directed network. For each origin-destination (OD) pair
(u,v) e N 2 let D™ >0 denote the demand rate (flow rate per unit time) for flow from u to v,
and let IT := {(u,v) € N? : D®") > 0} denote the OD pairs with positive demand. We use (u, v)
to denote an OD pair when it is necessary to be specific about the origin or destination, otherwise
we use m. Unless noted otherwise, it is assumed that D” is input; this is called the fixed demand
case. For each OD pair 7 € I1, let R"™ denote the set of paths in the network for OD pair x, for
each arc a € A, let R7 denote the set of paths for OD pair n that use arc a, and for each r € R”,
let AT denote the set of arcs on path r. For each arc a € A, let s, € Ry denote the cost per unit
flow on arc a that does not depend on the flow rates, and let 7, : Ry +— R, denote the travel time
on arc a as a function of the total flow rate on arc a. We assume that ¢, is nondecreasing. A user
with weight w € R, for the cost relative to the travel time has preference consistent with bicriteria
cost c,(w,x,) :=t,(x,) + ws, when x, is the total flow rate on arc a. Let x := (x4,a € A). It is
assumed that the bicriteria cost C7(w,x) per unit flow for a path r € R™ is the sum of the arc
costs per unit flow, C7(w,x) = 3 seqx ca(W,x,). For each OD pair 7 € I1, and each path r € R”,
let ST := X eqr sa be the sum of the arc costs per unit flow, and let 777 (x) := 3 ;e 47 ta(X4) be the
total travel time as a function of arc flows x. For each OD pair 7 € 1, and each path r € R™, let fT
denote the flow on path r, and let f := (f7,n € I, € R™). Given path flows f, the flow x, on each
arc a is uniquely given by x, = Y ey 2irerr f7- However, given arc flows x, the path flows f are

not unique in general.
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As mentioned above, different users have different weights; let G™ denote the cumulative distri-
bution function of weight w among travelers for OD pair 7 € I1, and let [w”,w"] C R, denote the
smallest closed interval that contains the support of G”.

For each OD pair 7 € I, we choose a total order < on the set of paths R”™ such that for any
r,r’ € R™ it holds that if » <7’ (implying r # r’) then ST > S7,. (Unlike previous papers on the
BiTAP, we do not require the order to be unique, that is, we do not require that if » <’ then
S¥ > §7,.) The notation < does not show the dependence of the order on 7, because it will be clear
from the context.

Given arc flows x, a path r € R” is called efficient if there is an interval [w”,w]] C [w”",Ww"]
with w7 < w7 such that CJ(w,x) < C7(w,x) for all ¥’ € R" and w € [w”,w)], and a path r € R"
is called strictly efficient if there is an interval [w”,wy] C [w",w"] with w" < W] such that
Cl(w,x) <C7(w,x)forall 7’ € R"\ {r} and w € (w7, w;). Next we point out some basic properties
that have been useful in previous research on the BiTAP. Consider two efficient paths r,r’ € R”,
and suppose that r < 7’ (thus S7 > S7)). Consider any w € [w”,w/] and w’ € [w],,w}.]. Then
T7(x) + wST < T7(x) +wS7 and thus T7(x) — T/ (x) > w (S} —S%) > 0, hence T7(x) > T (x).
Similarly, 77 (x) =T (x) < w’ (ST - 5%, ). Previous papers assumed that different paths have different
costs so that S > 7, in which case it can be concluded that w < w’. The assumption that S} > S7,
i1s awkward when these costs represent tolls (as in the canonical application), because in many
applications there are many paths with no tolls. Although the path costs could be perturbed for
the purpose of numerical work, we show that this is unnecessary, and more importantly, that the
focus on weight intervals [w”,w/] is unnecessarily restrictive without contributing to efficient
computation. For the purpose of presentation and comparison with previous work, we will also
identify weight intervals [w”, w7 |, and we will show that in any case (even if ST = S7,), the intervals
can be chosen such that w; < w7,. The choices of intervals [w”,w;] and [w7,,w},] may not be
unique; for example, if 7,7’ € R™ are both efficient and ST = 7, (and thus 7 (x) = 77} (x)), then there
is a common interval [w7 ,,w} ] C [w",w"] with wr,, < wy . such that CJ'(w,x) = CJ(w,x) <

—=r,r’’

C7,(w,x) for all r” € R™ and w € [mfr,,W’:r/]. In such a case, if r < r’, then we will choose

intervals [w7, wyl, [wr, wi] € [w],,,wy,] such that W < w7,. Also, if paths r,7" € R” are both
efficient, and r < r/, and there is no strictly efficient path r”” € R™ such that r < r” < r’, then the
intervals [w”,w}] and [w”,, W} ] can be chosen such that w; = w’,. This allows the possibility
that there is an efficient path r” € R™ such that r < r” <+ and W} = w”, = wy,, = w’,. Thus,

given arc flows x, there is a nonempty set {r!,...,r*} c R™ of efficient paths and a corresponding
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sequence of thresholds w™ =w <w% <.--<w%_, <w/ = w”" such that for all i =1,...,k it
holds that C; (w,x) < C7(w,x) forall ' € R" and w € [wfi_l,wfi]. As mentioned above, the set
{r',...,r*} ¢ R™ and the thresholds wfl <. < W;.Tk—l do not have to be unique, as illustrated in

Example 1.

EXAMPLE 1. Fix an OD pair 7 € I with support interval [w”,w"] = [0,0.14], arc

flows x, and a path set R™ = {ry,rp,...,rio} indexed so that r; < rp; < --- < ryp.
Let (S7,S7,,...,8%,) = (5,4,4,3.7,3.35,3,2.6,2.25,2,1) and (7] (x),T}(x),...,T] (x)) =

(0.04,0.05,0.05,0.135,0.16,0.12,0.18,0.235,0.19,0.31). Figure 1 shows the points (S7., 7/ (x))
fori=1,...,10. As x changes, 7" (x) changes, and thus the points move up or down. Note that, at
the given x, the cost pairs (Sfl_, Tr’f (x)) for paths ry, r, r3, r¢, r9, and ryq are on the efficient frontier,
whereas the cost pairs (Sfi, 17 (x)) for paths ry4, rs, r7, and rg are not on the efficient frontier.

Next we identify thresholds w™ = wf < wi < --- <wf_; < w7 =w" such that for all efficient

paths 7; it holds that C7 (w,x) < C7,(w, x) for all " € R and w € [wT |, wT]. Note that C} (w,x) <

i1 i
CT(w,x) for all " € R™ and w € [wg, w]] =[0,0.01], and that the slope between (57,77 (x)) and

ry? o r

(S%,TT(x)) is (the negative of) 0.01. Next, (S7,T7 (x)) = (S7.,TX(x)), that is, paths r, and r3 are

n’orn rp2 - ra r3’or3

exactly tied. Thus, C7 (w,x) = C7 (w,x) < C[(w,x) for all 7" € R™ and w € [0.01,0.07], where
the slope between (S7,T7(x)) and (ST ,T7(x)) is (the negative of) 0.07. Because r, < r3, their

r?or re’> " re
intervals may be chosen as [w],w]] =[0.01,5] and [w],w]] = [5,0.07] for any n € [0.01,0.07].
1 =wi=w3=0.07.
However, we have to keep in mind that paths r4 and rs are inefficient, and thus it does not hold that
Cr,(w,x) <CJ(w,x) forall’ € R"and w € [w],w}] =[0.07,0.07], and similarly for path rs. Next,

note that point (S7 ,77 (x)) lies on the line segment between points (87,77 (x)) and (S%,T7 (x)).

re> " Te r3’or3 r9> 19

Next, because paths r4 and rs are inefficient, w and wg have to be chosen as w

Thus, wg also has to be chosen as wg = w’ST =0.07. However, in this case path rg is efficient, and

thus it holds that C7 (w,x) < C7 (w,x) for all ' € R™ and w € [wI,w¢] =[0.07,0.07]. Thus, path

re is not strictly efficient. Nevertheless, if the distribution G™ has a point mass at wg, then path r¢

T

6
not mean that all the demand corresponding to the point mass at wg has to flow on path re — the

may be preferred by a positive amount of demand, even though [wZ, w¢] is a singleton. That does
demand corresponding to the point mass at wg is partitioned among paths r, 73, re, and r9. In
general, the demand corresponding to any point mass of G™ at w is partitioned among all the paths
ri such that C7 (w,x) < C75 (w, x) for all 7’ € R™. Also note that the status of path r is sensitive to
small perturbations of T)% (x). For example, if x changes by a small amount to x” and as a result

T (x) increases to T} (x’) that is slightly above the line segment between points (S7,, 7,7 (x’)) and
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Figure 1  Bicriteria cost pairs (S, 7,7 (x)) for different paths r; for a given x, and the corresponding efficient frontier, as in

Example 1.

(87,,T% (x")), as shown by the red circle in Figure 1, then path r¢ ceases to be efficient and the
flow on path r¢ can jump from a positive amount to zero. Continuing in the same way, paths
r7 and rg are inefficient, and thus w7 and wg have to be chosen as wl = wg = wg =0.07. Next,
note that C7{ (w,x) < C7,(w,x) for all ¥ € R™ and w € [wg, wg] =[0.07,0.12], and that the slope
between (87,77 (x)) and (S}, , T (x)) is (the negative of) 0.12. Finally, C7 (w,x) < CJ,(w, x) for

r9® “rg
all 7’ € R™ and w € [0.12, 00), and thus w7, is chosen as w7, =w" =0.14. O

0

2. Related Literature

Dafermos (1972) considered a BiTAP with a finite number of user types. It was pointed out that
it is a special case of the traffic assignment problem in which 7, depends on x and not just on
X4, that is, the travel cost on an arc a depends on the flow on other arcs and not just the flow on
arc a. The results of Dafermos (1971) were used to obtain the following sufficient condition for the
user-equilibrium to be given by a solution of an optimization problem: Let w =1,..., W index the
user types, let xc(l“’v) (w) denote the flow of type w users from origin « to destination v on arc a, and

let X denote the set of arc flows (x(” V)(w), (u,v)ell,ac A,w=1,...,W) >0 such that

DY) (w) ifi=u

Z El”]v))(w) Z x4 () = D@V (w)ifi=y  VYieN,V(u,v)ell, Vw=1,...

X ()
{JeN:(i,j)eA} {/eN:(j.D)eA} 0 otherwise

)]
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Let x4 (W) := X (yv)en x4 (w), and let x, = (x4 (1), . .., xa(W)). Let

X = {(xgoac€A) : x4(w) = Z X (), ( W)y (u,v) eyae A,w=1,. ) eX
(u,v)ell

denote the set of feasible arc flows for each user type. Let ¢, (w,x,) denote the unit travel cost

of type w flow on arc a, and let c(x) := (c,(W,x,),a € A,w=1,...,W). Then user equilibrium

can be specified with the variational inequality x* € X, (c(x*),y —x*) > 0 for all y € X, that is,

—c(x*) € N5 (x*), where N5(x*) denotes the normal cone to X at x*.

If, for each arc a € A and all flow vectors x,, the matrix with entries dc,(w,x,)/0x,(W’),

w,w’ =1,...,W,is symmetric and positive definite, then the user-equilibrium can be computed by
solving
xa(W)
min Z Z/ (W, (z,x-a(-w))) dz : (1)
acAw=1
where x_,(-w) = (xgo(W),a’ € A,w' =1,...,W,(a’,w’) # (a,w)) denotes the vector of all

xqor(W') except for (a’,w’) = (a,w). Note that in the case of the BiTAP, c,(w,x,) =t,(x,(1) +
co+x4(W))+wsg, and thus dc,(w,x,)/0x, (W) =dt, (x,(1) +- - - +x,(W))/dx. Hence, all entries
dca(w,x,)/0x,(w") of the matrix are the same positive number d¢, (x,(1) +-- - +x,(W))/dx, and
therefore the matrix for the BiTAP is symmetric and positive semi-definite. Dafermos (1972) pro-
posed an algorithm that solves shortest path problems similar to the Frank-Wolfe algorithm for the
traffic assignment problem, but instead of the new point being a convex combination of the previous
point and the shortest path, the new point is determined by removing flow from the most expensive
path with positive flow for an OD pair, and adding the flow to the shortest path for the OD pair.
Dial (1979) considered the special case of the BiTAP in which both s, and 7, do not depend on

the flow rates x. An algorithm was proposed that, for a given OD pair x, finds aset {ry,...,ry} C R”
of efficient paths, and corresponding thresholds w™ =wf <w7 <--- <w]_, <w} =w", such that

foralli=1,...,k it holds that C(w,x) < C7(w,x) forall € R" and w € [wT ,wT].

Daganzo (1983) considered a traffic assignment problem with a finite number of user types,
similar to Dafermos (1972). The model allows more general arc costs of the form c,(w,x) :=
t4(x) +ws, that may depend on the flows x on all arcs. It is assumed that the mapping ¢ : R™ +—» R7
is increasing. In addition, it is assumed that for each user type w = 1,..., W, there is a function
x" : R? — R7A that maps arc costs to arc flows that is continuously differentiable with a negative

semidefinite Jacobian. The assumption that x" is continuous means that the Wardrop equilibrium
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conditions (only OD paths with least travel cost have positive flow) do not apply. Existence of a
fixed point is established with Brouwer’s fixed point theorem and Kakutani’s fixed point theorem.
A stochastic approximation algorithm is proposed to compute fixed points.

Leurent (1993) considered the following BiTAP. (Leurent (1993) groups paths r € R™ with
the same value of ST into “monetary expense classes”, but to simplify notation we omit the
classification.) For each OD pair 7 € I1, and each path r € R™, let F} := }/,_, f7 denote the
cumulative flow on paths ' =1,...,r, let F(’)T =0,and let F" =), cpx fT = Fg,, denote the total
flow for OD pair 7. It is assumed that G” has a positive density so that (G™)~! (¢) is a singleton
for all g € (0,1). The OD demand is allowed to depend on the mean total cost over all OD paths

and all weights, as follows:

F”:D”Z

reR”®

b FIJF™
Lrrwsst [T @)@ dq])

FZ [F~

for F™ > 0, where D" : R, — R, is assumed to be continuous and decreasing. It is shown that
the equilibrium conditions coincide with the first-order optimality conditions of the following

optimization problem:

Xa
|3 [ o
aceA

It is shown that the objective function is convex. Similar to Daganzo (1983), a stochastic approx-

FT/F™

ZF” Z S’J/”l/ (e (q)dq—Z/OFn (D™)™! (q)dq} )

nell reR” F; 1 Fr mell

imation algorithm is proposed to solve the optimization problem. The algorithm enumerates paths.

Leurent (1996) considered the same problem as in Leurent (1993), with the possible addition
of arc capacity constraints of the form x, < C, (here, C, denotes the capacity of arc a). Three
algorithms are compared for the case without capacity constraints. For the case with capacity
constraints, an augmented Lagrangian algorithm is proposed.

Marcotte and Zhu (1996) considered the following formulation of the BiTAP. It is assumed
that G™ has a density, but as before we give a more general formulation here to match our nota-
tion. Let x7(w) denote the (unscaled) flow on arc a € A of travelers for OD pair 7 € I1 with
preference weight w € [0, wiyax|. Also, for each arc a € A, let X, := Y enn /meax x7(w)dG™(w)
denote the total flow on arc a. Let L7 denote the set of functions f : [0, wnax] — R such that
fowmax f2(w)dG™(w) < oo; for any f™,g" € L7, let (f7,87)] = /(')Wlnax T (w)g™(w)dG™(w). Then,
for any f = (fF € LE,neM,aeA) € Lo = [T en (£2)", g = (sf € LE, e, a e A) € Lo, let

(f>8)2 = Xrent ZiaealSs 8415 Forany x € X, let ¢ (w, x) :=1,(X,) +ws, (it has the same value
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for all 7 € IT), and let c(x) := (¢} (-,x) € L], m€Il,a € A) € L;. Then the equilibrium conditions
can be expressed as the infinite dimensional variational inequality x* € X, (c(x*), y—x*), > 0 for all
y € X. Itis shown that the equilibrium conditions coincide with the first-order optimality conditions

of the infinite dimensional optimization problem

Xa w
min {;‘ /0 ta(2)dz+ ) 5 ) / wxg(w)dgn(w)} 3)

acA mellX

It is shown that the objective function is convex. The Frank-Wolfe subproblem at x € X is

min Z Z /W [ta(X'a) +wsa] X2 (w)dG™(w) 4)

reX acAnell v
The Frank-Wolfe subproblem separates into the following shortest path problem for each (u,v) € I1
and each w € [w, w]:

min {Z [2a(Xa) +wsa] x5 (w) - (1)} (5)
acA

x) (w)>0

It is mentioned that, for each (u, v) € I, problems (5) for all w € [0, wyax | can be solved by solving
one parametric shortest path problem with parameter w. Thereafter a line search problem is solved
to determine the minimizing convex combination between the previous flows x and the shortest
path flows obtained from the Frank-Wolfe subproblem. Marcotte et al. (1996) provided more details
about the proposed algorithm, as well as numerical results.

Dial (1996) considered the BiTAP in which both arc costs s, and ¢, are allowed to be functions
of the total arc flow x,. Two algorithms were proposed. One algorithm is a heuristic based on the
efficient paths algorithm of Dial (1979) and Frank-Wolfe steps. Another algorithm is based on the
same optimization problem as in Marcotte and Zhu (1996) and Marcotte et al. (1996), with s,
not varying with the arc flow x,. Dial (1997) considered the same problem as in Dial (1996). An
algorithm is proposed to solve the same variational inequality, x* € X, {(c(x*),y —x*), > 0 for all
y € X, as in Marcotte and Zhu (1996). Instead of solving the optimization problem (3), the proposed
algorithm alternates between solving the parametric shortest path problem (5) at current flow X € X
that produces flow x™ € X in iteration m, and a linear programming approximation that chooses
the next flow as the convex combination x(1) := 3", _, A X™ 2oy Am =1, 1> 0, attempting to
minimize 3)”,_, max {0, {c(x(2)),x™ —x(ﬂ))z}.

Marcotte and Zhu (1997) considered the problem in Marcotte and Zhu (1996) and Marcotte

et al. (1996) with more general linear constraints and with arc costs given by ¢ (x)(w) =#,(X) +
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ws,(X). Marcotte and Zhu (1997) showed that, if s and ¢ are Lipschitz continuous and continuously
differentiable, then c is a monotone mapping if and only if # : R® — R? is monotone and s : R -
R7A is constant.

Marcotte (1999) compared a number of formulations for the BiTAP. It was assumed that G™ has
a positive density g on [w,w] for all 7. Marcotte (1999) showed that the formulations in Leurent
(1993) (with fixed demand D™ and with the ratios f/F” replaced by X,) and in Marcotte and Zhu
(1996) and Marcotte et al. (1996) are equivalent. However, it is important to note that the Frank-
Wolfe framework applied to the formulations does not give equivalent algorithms. The reason is
that convex combinations of equivalent solutions for different formulations do not give equivalent

solutions. To illustrate that, consider the following simple example.

EXAMPLE 2. The network has a single OD pair 7 with fixed demand D™ = 1, two paths indexed 1
and 2 from the origin to the destination with 1 < 2, and weights w are uniformly distributed on
[w™,w”] = [0, 1] for both paths. Solution 1 puts all flow on path 1. Solution 1 for the formulations
of Leurent (1993) and Marcotte (1999) is depicted by the bottom right diamond in Figure 2(a),
and solution 1 for the formulation of Marcotte and Zhu (1996) and Marcotte et al. (1996) is
depicted by the top horizontal line in Figure 2(c). Solution 2 puts all flow on path 2. Solution 2
for the formulations of Leurent (1993) and Marcotte (1999) is depicted by the top left diamond
in Figure 2(a), and solution 2 for the formulation of Marcotte and Zhu (1996) and Marcotte et al.
(1996) is depicted by the bottom horizontal line in Figure 2(c).

Next, consider the convex combination halfway between the two solutions. The convex combi-
nation for the formulations of Leurent (1993) and Marcotte (1999) is depicted by the middle dot
in Figure 2(a), and the convex combination for the formulation of Marcotte and Zhu (1996) and
Marcotte et al. (1996) is depicted by the middle horizontal line in Figure 2(c). Also, recall from
Example 1 and the preceding explanation that, given solution f” or X and taking into account that
1 <2, there are thresholds w”™ =wjj < wj < wj = w”, such that users with weight w € (wf.r_l, wT)
travel on path i and thus contribute to flow f” or x;. Thus, solution f” or X can be extended to
weight-dependent flow functions X;(w). (This statement is based on the distribution G” having a
density, and we will show how this construction can be generalized for arbitrary distributions.)
Figure 2(b) shows the resulting weight-dependent flow functions % (w) =1 and X, (w) =0 for all
w e (0,1/2) and X1 (w) =0and X>(w) =1 for all w € (1/2, 1). Note that the weight-dependent flow
functions ¥ resulting from the convex combination (1 — @) fT+af7 is not equivalent to the convex

combination (1 — @)X + ax depicted by the middle horizontal line in Figure 2(c). Also note that
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nation for formulations of Leurent implied by convex combination for nation for formulation of Marcotte
(1993) and Marcotte (1999). formulations of Leurent (1993) and and Zhu (1996) and Marcotte et al.
Marcotte (1999). (1996).

Figure 2 Difference between convex combinations for aggregate-flow formulations and convex combinations for function-valued

formulations for Example 2.

the weight-dependent flow functions X has the interval structure illustrated in Example 1 and the
preceding explanation, while no strict convex combination (1 — @)X + X has the interval structure.

This difference has important computational consequences. O

Marcotte (1999) also considered the following formulation for the BiTAP based on thresholds
wh=wi <wl <o S whe | S whe =W Given w = (W], € II,r € R™), the flow on each
path r € R™ is equal to f7(w”™) = D" /va,’ 8" (z) dz, and the flow on each arc a € A is given by

1

r—

Xa = Digert Zrerx S (WT). Assuming that costs S} do not depend on the flows, and with thresholds

as decision variables, the equilibrium flows are given by the optimal solutions of the optimization

problem
min Z/O ta(z)dz+ZD Z Sy / 78" (z)dz (6)
aeA rell reR® Wi
st.wi—wi_, > 0 Vraell, reR” (7
wy = w, Whr = W Vel (8)

As pointed out by Marcotte (1999), one issue with this formulation is that the objective is not
convex in w (the variational inequality is not monotone in w). On the positive side, it is shown that a
point that satisfies the first-order optimality conditions of (6)—(8) is an optimal solution of (6)—(8).

Xie et al. (2026) considered the formulation (6)—(8), and confirmed that the first-order optimality

conditions for (6)—(8) coincide with the equilibrium conditions for the BiTAP. Similar to Marcotte
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and Zhu (1996) and Marcotte et al. (1996), Xie et al. (2026) used a parametric shortest path
algorithm to generate efficient paths. Unlike previously proposed algorithms based on Frank-Wolfe,
instead of performing a line search between the current solution and an optimal solution of the
Frank-Wolfe subproblem, the Single-Boundary Adjustment (SBA) algorithm proposed by Xie et al.

(2026) adjusted one threshold w7 at a time using an Armijo line search algorithm.

3. Alternative Formulation of the Bicriteria Traffic Assignment Problem

Recall that the formulation (3) considered in Marcotte and Zhu (1996) and Marcotte et al. (1996)
is a convex optimization problem, but that it has infinite dimensional decision variables (weight-
dependent flow functions), and that even if two solutions have the interval structure possessed by
optimal solutions, a strict convex combination of the two solutions loses the interval structure. These
properties are detrimental to efficient computation. In contrast, the formulation (6)—(8) considered
in Marcotte (1999) and Xie et al. (2026) has finite dimensional decision variables that maintain
the interval structure by construction, but the objective function is not convex. In this section, we
propose an alternative formulation. Similar to the formulation (2) considered in Leurent (1993) and
Leurent (1996), our formulation is a convex optimization problem with finite dimensional decision
variables. All the previous formulations either require G” to have finite support or require G” to
have a positive density on [w”,w”] for each 7 € I1. In contrast, our formulation does not require
anything of G”. To simplify the presentation and algorithm, we also assume that G has bounded

support; this assumption can be removed at the cost of complicating the algorithm.

3.1. Notation

For a convex set § € R”, the relative interior of S is denoted by ri(S), and the normal cone to S at x
is denoted by Ns(x). Consider a convex function ¢ : R” — R U {co}. The effective domain of ¢ is

denoted by dom(y) :={x e R" : ¢(x) < co}. Let
W (z) = {weR": yY(d) 2y () +u,z’ —2) VI eR"} ©)
denote the subdifferential of i at a point z € dom(y). For a finite set 7, let R? denote the vector

Ay = {xeR{:in:I}

iel

space indexed by 7. Let

denote the standard simplex over 7. Let

A7 = {xeA; : x;>0VieTl}



Authors’ names not included for peer review
12 Article submitted to Operations Research

denote the relative interior of Ay. For any Borel set S C R, let £ (S) denote the set of cumulative
distribution functions on S. The quantile map for any G € P ([w,w]) is defined as the set-valued

map G~!: [0, 1] — 2% given by
G_l(p) = {xeR:G(y)<pVy<xandG(y)=pVy>x}.

Note that G~!(p) is a nonempty closed interval for all p € (0,1), and G~!(0) = (=co0, w] and
G~ '(1) = [w’, ) for w < w < w’ < W. The quantile map is non-decreasing in the sense that for any
0<a<b<l,x,€G (a),and x;, € G~1(b), it holds that x, < xp.

For any 0 < a < b < 1, let the truncation of G € P([w,w]) be given by
Gap(x) := max{a,min{b,G(x)}}.

Note that G, is nondecreasing and right-continuous, and it induces a finite Lebesgue-Stieltjes

measure on R, which we also denote by G, . Its total mass satisfies

/dGa,b = lim Ggp(x)— lim G,p(x) = b-a.
R X—00 X——00

Note that for any integrable Borel measurable function f:R+— R and any 0 <a <b <c <1, the

additivity property

/ F) dGae(x) = / () dGup(x) + / () dGe () (10)
R R R

holds.

3.2. Formulation

The variables g7 denote the fraction of demand D™ for OD pair 7 € I that flows on path r € R™. Let
q = (qF,m €I1,r € R™). As before, the weight thresholds are denoted with w = (W”, 7 € I1, 7 € R”).
Recall that for each OD pair 7 € 1, we choose a total order < on the set of paths R” such that
for any r,r” € R”™ it holds that if » < 7’ (implying r # r’) then ST > S7,. To make expressions more

concise, for every € I1, and r € R”™, let

pr = Z qy
{r'eR™:r'2r}
denote the cumulative fraction of demand D” for OD pair 7 € I1 that flows on paths r’ € R™ with
" < r. Also, let the linear operator L™ : RX" i RR” be given by
Li@) = 3, ar = (L 2rhr eRD (g ' eRY)

{r'eR7.r'<r}
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so that p™ = L™ (q™). Also, for each r € R”, r — 1 denotes the path that is the immediate predecessor

of r, so that p7_| := 31, ern. <y 47, With the convention that if r has no predecessor in R”, then
w — Ve

p;_=0and wi_

= w”. Given g, for each arc a € A, let

xq.(q) = ZD”Z(];T VaeA (11)

nell reR’

denote the total flow on arc a, and let x(g) := (x,(g),a € A).

3.2.1. Equilibrium Conditions The pair (g,w) satisfies the equilibrium conditions if the
following hold for all 7 € IT:
1.
q" € Ags, ie. ) qf =1and gf > 0VreR" (12)

reR”™

that is, each ¢” is a probability distribution with support on R”.

Wi <wl <wl << (13)

that is, the thresholds w7 are properly ordered between w”™ and w”". We can also require that
the last threshold be equal to w”", but given the other conditions, it is not necessary.

3. For each r € R™ such that g7 > 0, it holds that

Cr(w,x(q)) < CL(w,x(q)) Vr' eR", Vwe[wl  ,wr] (14)

r=1"r

that is, each used path is user-optimal for all weights w in its interval.

wr € (G") (LT (")) VreR™ (15)
that is, the thresholds and probabilities are consistent with each other.

EXAMPLE 3. Consider Example 1, and suppose that OD pair 7 with demand D™ =1 is the only

OD pair with positive demand. Let

0 ifw<0

0.05 if0<w<0.01
G"(w) = 10.3+5(w-0.01)if0.01 <w <0.07

0.8 if 0.07<w <0.14

1 ifw>0.14
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G™(w)
A
1 -
qflo =0.2
g7 =0.1
q,f; =0.3
47, =0.3
— i T w
q;; =0.1 =W Wy Wio
t t > W
0.12 0.14
—

r L) 3 T'e r10

Figure 3 The distribution G™ of Example 3, the fractions g as brackets to the left of the vertical axis, the cumulative

fractions pJ* on the vertical axis, the thresholds w7 on the horizontal axis, and the intervals [w” l,w’r ] as brackets

r— r

below the horizontal axis. Dashed lines connect each cumulative fraction p to the thresholds w’ € (G™)~' (p¥) of

condition (15).

as shown in Figure 3. Let (g7,,...,7,) = (0.1,03,0.3,0,0,0.1,0,0,0,0.2), so that condi-
tion (12) holds and (pfl, . ,p’,Tlo) =L"(¢") = (0.1,0.4,0.7,0.7,0.7,0.8,0.8,0.8,0.8, 1). Fig-
ure 3 shows how ¢" partitions the demand among the used paths. Consider (w’lr ""’W71r0) =
(0.01,0.03,0.07,0.07,0.07,0.07,0.07,0.07,0.12,0.14), which are the thresholds of Example 1
with the choice i = 0.03, so that conditions (13) and (14) hold. Figure 3 shows that condition (15)
also holds, and thus (g, w) is an equilibrium. Recall that paths r, and r3 are tied. It is clear how
their order could be swapped and thus (g, w) is not a unique equilibrium. Figure 3 exhibits some
features excluded by formulations that require a positive density and distinct costs: paths r; and r;
split the jump at wY, paths r3 and r¢ split the jump at w7 =--- = wg, path r¢ carries positive flow
although its interval is a singleton, and path rg carries zero flow although its interval [0.07,0.12]
is not a singleton. The example does not show how 77 (x) specified in Example 1 is obtained from

the travel time functions 7, and the flow partition ¢ — that will be demonstrated in Example 6. O

3.2.2. Optimization Problem In this section we formulate a convex optimization problem that
we use to compute an equilibrium. In a typical solution of the traffic assignment problem, only

a small fraction of the paths r € R”™ for an OD pair 7 € II is used (has g7 > 0). For algorithmic
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efficiency, it is important to maintain sparse solutions, and our proposed algorithm is designed to
consider small subsets of paths RT c RT , m € I1, and find the best solution for the subsets in each
iteration. Therefore, we extend the notation to make provision for the smaller as well as the full
optimization problems. For each a € A, let fzg =R N R7 denote the paths in R7™ that use arc a.
Note that, for each 7 € I1, the same order < applies to every subset R” ¢ R”. When a nonempty

subset R™ c R™ of paths is considered, we will let g := (qf mell,reRr ), we will require that

pr = Z 97

{reR7 r'<r}

Yrepn gy =1 and

and thus the linear operator L™ : RR™ > RR” will be given by

A T A
L;.T(q) = Z qr = (ﬂ{r’j}"}, I”/ERR) (Qr’, r,Gﬂﬂ)
{rreR™:r'<r}
so that p™ = L*(g"). Also, for each r € R”, r — 1 will denote the path that is the immediate
predecessor in R™ of r, so that pr=X (rreRm 1 <r) qy,. (The subset R™ will be clear from the

context, and therefore is not displayed in the notation.) Then, let ¢ : [],cr Az~ — R be given by

0@ = Y07 Yt [yacr, 0 (16)

mell reRn

where, in this formulation, variables p7 are not regarded as separate decision variables, but rather

as linear functions of g. Also, let ¢ : [[;c;1 Ag~ — R be given by

xa(q)
Y(q) = Z/O ta(y) dy (17)

acA

where

xq.(q) = ZD”qu VaeA

nell reRzr
denotes the total flow on arc a. For any subsets R” c R”, r € II, the optimization problem is as

follows:

min {Y(q) =Yg +¢(g) : g€ l_lAﬁn} (18)

mell
A similar formulation can be written with p7 as decision variables, with no apparent advantage
of one formulation over the other. Note that, whereas the equilibrium conditions are stated for a

pair (g, w), a solution of the optimization problem is ¢ only. Thus, unlike previous approaches, the
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first-order optimality conditions of the optimization problem do not coincide with the equilibrium
conditions. Instead, we will show how, given a solution ¢ of the optimization problem for R”™ = R”,
m € I1, thresholds w can be determined in run time that is linear in the number of efficient paths,

such that (¢, w) is an equilibrium.

4. The Optimization Problem and Equilibria
4.1. Preliminary Results

First we confirm that the value of ¢(q) is not affected by the choice of total order on R”.

LEMMA 1. For any n € 11, consider two total orders < and < on R™ such that for any r,r’ € R™

it holds that if r <1’ or r <r’ then S} > S7,. Consider any R™ ¢ R™ and any ¢ € Apx. For each

reR”, let
pro= >, qy ad pf = > 4

{r’eﬁ”:r’jr} {r’eﬁ” cr'<r}

T T — T T
Z S, /Ry dGPf,I,Pf(y) = Z Sy /Ry dGﬁf,,,lff(y)
reR” rerR”®

and thus ¢(q) is invariant with respect to the chosen order.

Then

Next we establish some pertinent properties of the function ¢. For that purpose, consider any

[w,w] CcR4, any G € P([w,w]), and the function ¢ : [0, 1] — R given by

e(p) = /Rw dGo,p(w)

It follows from [w, w] C R, that ¢ is nondecreasing. Note that ¢(0) =0 and ¢(1) € [w, w]. We will

also use the result in Lemma 2.

LEMMA 2. The function ¢ : [0,1] — R is convex and Lipschitz continuous, and d¢(p) =G~ (p)
forevery p € [0,1].

For every m € I1, let ¢™ : [0, 1] — R be given by

) = [ wacg, o

and given any subset of paths R” c R™ and any r € R”, let @7 : Ag. — R be given by

#r(q) = ¢"(L7(q))
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Then it follows from Lemma 2 that ¢ : Ag. — R is convex and Lipschitz continuous. Also,
range(L™) Nri(dom(¢™)) = (0, 1) # @, and thus it follows from Rockafellar (1997, Theorem 23.9)
that

0¢7(q) = (107 <7}, 7' eRT) (G (LE(@) + Nage (@)

LetST. =min{S : r € R™}. For each r € R” that has a successor in R” in the order <, letr+ 1 € R”
denote the immediate successor in R* of r. Note that, if » does not have an immediate successor

in R”, then S7 = St and pf=L7(g") =1 for any g" € Agx, and thus ST¢™ (py) =ST. ¢"(1) is a

min

constant independent of ¢g”. Hence

6(g) = ). D" ) STe" (P —¢"(P]))]
nell reﬁn
= D D" ) [Lr+1e R} (ST=S87,)) 67 (a") + L{r+ 1 € R7}ST, 0" ()]
nmell reRn

LEMMA 3. The function ¢ : [ cr1 Agr= — R is convex and continuous, and

apa) = [ (o™ D, (sT-sm) (107 20y, 7 € RT) (G (LE(g™) + Naga (67

nell {reR™:r+1eR™}
Recall that ¢, : R, — R, is assumed to be nondecreasing. Next we show that it is sufficient for ¢
to be convex. For any x > 0, let 7 (x) :=lim, #,(y) denote the left limit of 7, at x, and for any x > 0,
let £} (x) :=1limy, #,(y) denote the right limit of #, at x. It follows from #, being nondecreasing that

t;(x) <t} (x) for all x > 0.
LEMMA 4. The function yr is convex and continuous on [ ] ey Apx, and

0u(q) = {g=(sr e reRm) : gF=D" 3" 0, 70 € [1; (xa@), 1 (xa(@))] Va& AL+] | Nagr (a7

acAr nmell
with [t7(0),15(0)] := (—o0,5(0)].
To convert an optimal solution g of problem (18) to a pair (g,w) that satisfies the equilib-

rium conditions (12)—(15), we will assume that ¢, : Ry — R, is continuous, in addition to being

nondecreasing. Then Lemma 4 simplifies to Lemma 5.

LEMMA 5. Ift, : R, — R, is continuous, then

w(g) = Jg=(ermellreR™) : gl =D" 3" ta(ra(@) =D T (x(9)) t+ | | Mage (@)

acAr mell
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4.2. Optimality Conditions

Next we establish necessary and sufficient conditions for ¢* € [],cr; A~ to be optimal for prob-
lem (18). For each € I1, let A™ denote the dual variable associated with the simplex upper-bound
constraint ), 4~ gy =1, and let A := (4™, 7w € II).

LEMMA 6. A vector q* € [l ciiApx is optimal for problem (18) if and only if there exist
™ = (1),a € A) with T, € [t;(xa(q*)),t;(xa(q*))], w' = (w’rr*,ﬂeﬂ,reﬁ”) with wi* e
(G™)" N (LF(g™)), and 1* = (™, & € I), such that the following holds:

gr D™ > T+ > (% —S% Wi |+t = 0 Vrxell, VreR”
aceAf {r'eR™ . rzr' r'+1eR7}
(19)
p*| Y T+ > (5% =87 Wi |+4™ = 0  Vrell,VreR®  (20)
acAf {r’eﬁ” :rﬁr’,r’+1€‘7§"’}

If t, : Ry — R, is continuous, in addition to being nondecreasing, then Lemma 6 simplifies to

Lemma 7.

LEMMA 7. Suppose that t, : Ry — R, is continuous. Then, a vector q* € [ e Mg« is optimal for
problem (18) if and only if there exist w* = (wf*,ﬂ ell,re ﬁ”) with wi* € (G™)! (LT (g™)) and
A* = (A", €I1), such that the following holds:

¢~ D™ | T (x(¢")) + Z (% 8%, Wi |[+47F = 0 Vrell,VreR”
{r’eﬁ”:rﬁr’,r’ﬂeﬁ”}
(21
D™ T (x(g*)) + > (% =87 Wi |+ > 0  Vrell,VreR™ (22)

{r'eR™ . rr’ r'+1eRm}
4.3. From Optimality to Equilibrium

Recall that optimization problem (18) has solution ¢, whereas the equilibrium conditions (12)—(15)
are stated for a pair (¢, w). Next we present Algorithm 1, that takes any subsets R”, 7 € I, of paths,
and optimal solution g for problem (18), as input, and produces the subset R”. C R”™ of paths on
the efficient frontier, with thresholds w = (w’f ,nmell,re{0}uU R ), as output. Algorithm 1 makes
provision for multiple tied paths, that is, paths r and r* with ST =87, and T (x(q)) =T7,(x(q)),

with zero or positive flow.
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Algorithm 1 Threshold Selection Algorithm Thresholds((N, A),IL, ((G™, [w™, w”]), 7 € 1), (¢4, 54),a €
A), (R™, 7 €Il),q)

Require: Network (N, A), set IT of OD pairs with cumulative distribution function G’ with support interval [w”,w”] for each

»

10:
11:

12:
13:

14:

15:
16:

17:
18:

19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:

33:
34

PR RAINAE®

7 €11, cost functions 7, : Ry — R and costs s, € Ry for each a € A, any nonempty path sets R”™ indexed with r = 1,...,R™
such that Si’ > > Sgn for each 7 € T, optimal solution g := (¢;,w € IL,r =1,...,R™) € [] rer1 Ag~ for problem (18)
for m €Il do

r1 < min{argmin {77 (x(¢q)) +w”™ S} : reﬁ”}} (23)
forr=0,...,r1 —1do
wy —w’
end for
RT. —{r}, 1
min J
while 7, < R”™ do
if (7% > 57, ) then
. T (x -T7(x . .
winin min{ r( (q)ﬂ) ’7‘;( (@) :r€{rg+1,‘..,R”}}, wl — min{w?m,W”} (24)
S5, =57
T7 (x -T7(x .
Tesl — min{argmin{ Al (q)z rfr( (@) :re{rg+1,...,R”}}} (25)
SE — 57
else (S;ﬁ, :SZH)
T;,ni“ — min {77 (x(¢)) : sr=Sr, re{re+1,...,R™}}
if (T;‘i“ =T (x(q))) then
wrg‘i" — Wi max{wf{il,min{we(G”)_l(pr(q”))}} (26)
res1 — min{argmin {77 (x(q)) : S} =87, re{re+1,...,R"}}} 27
else (770 > 77 (x(q)))
if ({reR™ : 5% > 7} #0) then
. T (x(q)) - T (x(q)) N i
wpih e min{ 4 Z‘”—Sr’i 1 :S;’F>Sf,r€7%”}, Wy min{w’;’m,W”} (28)
re r
7 (x -T7(x .
Tesl — min{argmin{ il (q)72 r;;( (4)) D87 > ST rE‘R”}} (29)
SE 57
else ({reﬁ” 2 ST >Sf}:®)
wiih — Wl wh e Wt (30)
end if
end if
end if
if W <37 then
‘Rli:in - Rginu{r["‘l}
else .
rev) < R™
end if
forr=rp+1,...,rp41 —1do
wr — wl
end for
 — (+1
end while
wg” — w” (€29
end for

Output w = (wf,ﬂEH,rE{O}Uﬁ”) and Rr’r’lin,nel'l
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A brief summary of the steps of Algorithm 1 is given next. First, for each OD pair 7, the algorithm
selects the path with the least cost C” (w”™, x(q)), initializes w]’ «— w” for lower indexed (inefficient)
paths, and starts the list RT. ~of efficient paths. Second, each iteration applies one of the cases
(24), (26), (28), or (30) to determine the next threshold value and the next efficient path. Third,
whenever the next threshold value is feasible, the algorithm appends the next efficient path to the
list RY. , and fills in the threshold values for inefficient paths with intermediate indices, while
preserving monotonicity of the threshold sequence. Finally, it assigns terminal inefficient paths

threshold values of w”, and outputs both the thresholds w and the lists R” . of efficient paths.

EXAMPLE 4. In this example, we apply Algorithm 1 to the path data of Example 1 and the path
fractions g of Example 3. Example 6 will verify that these fractions g solve problem (18).

At w™ =0, relation (23) selects path ri. The minimum in (24) is 0.01, attained by
both paths r, and r3, so the minimum-index rule in (25) selects r, and sets wi =
min{0.01,0.14}. Because S7, = S7,, T2 (x(q)) = T3 (x(q)), and L7 (¢™) = 0.4, case (26) gives
wJ =max {0.0l,min {w e (G™! (0.4)}} =0.03, and relation (27) selects r3.

Starting from r3, the minimum in (24) is 0.07, attained by rg and r9. The minimum-index rule
selects rg, sets wg =min{0.07,0.14}, and the fill step sets WZ = wg = 0.07. Next, starting from
re, the minimum in (24) is also 0.07, attained by ro, setting wg =min{0.07,0.14}, and the fill

step sets w7 = wg = 0.07. Starting from ry, the minimum in (24) is 0.12, attained by rjo, setting

wg =min{0.12,0.14}. Finally, the terminal step sets w}, =w" = 0.14. Consequently,

R = {r1,72,73,76,79, 710}, (wg,...,wl,) = (0,.01,.03,.07,.07,.07,.07,.07,.07, .12, .14)
(32)
which is the threshold vector of Example 3. Figure 3 verifies that (15) holds, and Figure 4 shows

the corresponding optimality intervals. O

In the remainder of the paper we assume that 7, : Ry — R is continuous. Example 5 shows that

continuity of 7, is needed to guarantee existence of an equilibrium.

EXAMPLE 5. Consider a network with a single OD pair 7 with demand D™ = 1, and two disjoint
paths, indexed 1 and 2. The weight w is O with probability 1, that is, it is a classical single-
criterion traffic assignment problem. The travel time on path 1 is #;(x;) =1+ 21{x; > 1/2}, and
the travel time on path 2 is #;(x;) = 2. Note that x;(g) = ¢; and x2(g) = g2. Any solution with
q1 < 1/2 satisfies g > 1/2but CT (w,x(q)) < C(w,x(q)), and any solution with g1 > 1/2 satisfies

CT(w,x(q)) > CJ(w,x(q)). Thus there is no solution that satisfies equilibrium condition (14). O
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Figure 4 Application of Threshold Algorithm 1 to the data of Examples 1 and 3. The thin gray lines are the distinct bicriteria
path-cost functions C7 (w,x), r € R™ (note that the functions for r, and r3 coincide), and the thick segments show
the intervals assigned along the lower envelope. The values 0.01, 0.07, and 0.12 are intersection thresholds where the
slope of the lower envelope changes. The value wg =0.03 is not a kink, rather it is the quantile threshold that separates
the intervals assigned to the tied paths r, and r3. The orange point at w = 0.07 is the singleton interval assigned to rg,

and the gray segment is the positive-length optimality interval of the zero-flow path rg.

LEMMA 8. Assume that t, : Ry — R, is continuous for all a € A. Consider any optimal solution
q for problem (18), and the resulting output w and R . , m € I1, of Algorithm 1. Then the following
hold:

(1) The thresholds w satisfy w™ =wg <wj < -+ < W’I%” =w" for all m €11.

(2) Every path with positive flow is an efficient path, that is, {r eR™ : qr > O} CRE. .

(3) The thresholds w satisfy w™ € (G™)™" (L7 (¢")) for all xn € T1, r € R™.

(4) For every m €Il and every r¢ € RT. it holds that
T7, (x(q)) +wS;, < T[T (x(q))+wS; VreR", Vwelw; ,w.] (33)

where wi =wg=w".

THEOREM 1. Assume thatt, : Ry — R, is continuous for all a € A. Consider any optimal solution
q for problem (18) with R™ = R™ for all nn € I1, and the resulting output w of Algorithm 1. Then
(q,w) satisfies the equilibrium conditions (12)—(15).
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4.4. Solving the Optimization Problem

Section 4.3 showed how an optimal solution g of optimization problem (18) can be converted to

an equilibrium (g, w) that satisfies conditions (12)—(15). In this section we propose an algorithm

to solve optimization problem (18) for the full set R” = R™, x € I, of OD paths. Lemma 9 shows

that the optimality conditions (21)—(22) are satisfied by (g, 4,w) for any optimal solution g of

problem (18), A4 given by (34), and with w given by Algorithm 1.

LEMMA 9. Assume that t, : R, +— R, is continuous for all a € A. Consider any optimal solution
n

q for problem (18), and the resulting output w and R". ={ry,...,rp} of Algorithm I. Let R™ be

indexed withr =1,...,R™, and let

L

o= DT |T7 (x(q)) + W (SfL—Sg,,)] Vrel (34)

Then (g, A,w) satisfies the optimality conditions (21)—(22).

Problem (18) is a convex optimization problem, and therefore can be solved by general convex
optimization algorithms. However, typical instances of the traffic assignment problem have many
paths for most OD pairs, only a small fraction of which have positive flow in an equilibrium. Thus,
we propose Algorithm BTA (Algorithm 2) that exploits both convexity as well as the sparsity of
typical solutions. More specifically, Algorithm BTA maintains a (typically small) subset R™ C R”
of paths for each OD pair 7 € I, solves the convex problem (18) for the subsets R*, x € I, to
produce flow fractions § = (qu ,nell,re 7‘?”), update arc flows x,(§) and travel times #,(x,(§)),
a € A, and then solves a parametric shortest path problem for each origin u € N such that V, :=
{veN : (u,v) ell} # @. Algorithms for the parametric shortest path problem have been proposed
in Karp and Orlin (1981). Algorithm 3 solves the parametric shortest path problem for a given
origin u € N If the parametric shortest path problems produce paths not yet in the subsets R”, then
the new paths are added to R”, and Algorithm BTA returns to solving problem (18) for the updated
subsets R™, 7 € IT; otherwise Algorithm BTA returns § = (q”,’ ,mell,reRr ) Note that 4 contains
path flow fractions g7 for paths r € R™ only. Lemma 10 shows that the expanded solution ¢* with
qr =qr forre R™ and g =0forr e R™ \ R™ is optimal for problem (18) with the complete set of
paths. As shown in Section 4.3, Algorithm 1 can be used to convert g* to an equilibrium (g*, w*)
with the complete set of paths.

REMARK 1. Algorithm 3 returns both shortest paths R®“"* as well as thresholds

(u,v)+ (u,v)+

0 »-+=sWp(uwe- Lhe thresholds are not used in Algorithm BTA, but facilitate the following



Authors’ names not included for peer review
Article submitted to Operations Research 23

Algorithm 2 Bicriteria Traffic Assignment Algorithm BTA((N,A),I1, ((D™,G™, [w™, w"]),n €
), (14, 54),a € A))

Require: Network (N, A), set IT of OD pairs with demand D™ and cumulative distribution function G™ with support [w”,w”]
for each n € I1, cost functions ¢, : R+ +— R, and costs s, € R, for each a € A
for u € N do
Vy—{veN:(uv)ell}
if V,, # @ then
(RWY) @)y 1y e V) — BPSP((N,A), u, Vi, ((ta(0), 54),a € A), ([w®) w1 v e V)
end if
end for
ne1
while 7=1 do
n<0
10: (2<—argmin{Y(q) : quneHAﬁn}
11: for u € N such that V,, # @ do

RSN A i N ey

12: ((RWV)* yv)+) e )« BPSP((N, A), u, Vi, ((ta(xa(9)), 5a), a € A), ([w@V) w#)] v e v,))
13: forve Y, do

14: if R+ ¢ RUV) then

15: ﬁ(u,v) — ﬁ(u,v) UR(M,V)+

16: ne1

17: end if

18: end for

19: end for

20: end while
21: Output § and R” for all 7 € I1

point. Lemma 8 established that, given any optimal solution g for problem (18), the thresholds
produced by Algorithm 1 satisfy (13), (14), and (15). In contrast, as shown next, the thresholds
produced by Algorithm 3 satisfy (13) and (14), but not (15). Consider the data of Example 3, and
suppose that each path r; is associated with a separate arc also denoted with r; and that the input data
with 7(; ) =1(; j) (x(,)(q)) is provided to Algorithm 3. Then wj = w =0, and path r is the unique
shortest path with arc costs c(; j) =1(;,j) +ws(i. ). Then w’ =0.01, A" = {ry,r3}, and wi =w’=0.01.
Algorithm 3 does not specify which arc in (A’ is selected to construct the next tree. Whichever arc
in A’ is selected, in the next iteration w’ = 0.07, A’ = {r¢,r9}, and w3l =w’=0.07. Recall from
Example 4 that w7 = (G” )~ ! (L7,(g™)) =0.03, which cannot be obtained by solving the parametric
shortest path problem. The point is that although a parametric shortest path algorithm computes
a sequence of thresholds, when there are ties on the efficient frontier, these thresholds may not
satisfy (15), because the distribution G™ is immaterial to the parametric shortest path problem.
Algorithm 1 is designed to produce thresholds that satisfy both the quantile condition (15), as well

as, similar to a parametric shortest path algorithm, the minimal cost condition (14).

LEMMA 10. Assume that t, : Ry +— Ry is continuous for all a € A. For each n €11, let R™ denote
the complete path set and let R™ ¢ R”. Consider any optimal solution § for problem (18) with
path sets R™ nell. Let w= (W’,T,Jr ell,r € {0} Uﬁ”) and ‘ﬁr’;in ={#1,...,7;} denote the output

of Algorithm I with input R™ and §.
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Algorithm 3 Bicriteria Parametric Shortest Path Algorithm from One Origin to All Destinations
BPSP((N, A),u, Vi, (14, 5a),a € A), ([w") w1, v e V)

Require: Network (N, A), origin u, set V,, of destinations, costs ti,j) € R+ and s(; ;) € Ry for each (i,J) € A, support intervals
[m@‘”),w(“"’)] forallv eV,

I: w, < min {m(“"’) Y E(Vu} and W,, < max {v_v(”’v) Y €(Vu}

»

wew —w,
Compute a shortest path tree (N, Ay) from origin u to destinations v € V}, on network (N, A) with arc costs c(; ;) =
Ui, j) T WS (i j)

bl

4: forie N do

5: T; « the t-cost from u to i in the shortest path tree (N, A,)

6: S; « the s-cost from u to i in the shortest path tree (N, A, )

7: end for

8: forveV,do

9: if w*¥) < then

10: R+ {path from u to v in the shortest path tree (N, A,)}

11: R+ ]

12: else

13: RV g

14: R+ 0

15: end if

16: w(()“’v)+ —w(wv)

17: end for

18: while w’ <wy, and {(i, /) € A\ A, : Si+s(;,jy <Sj} #2 do

19:

, A Tittap =T
w o« mln{Sj Si—sa D (L)) € ANAY, Si+s( ) < Sj}
A’ — ar min{M () e ANAY, Si+s(i i <S-}
g Sj S - SGi) L us Vi (i,)) J

20: if w <w, then
21: Select (i, j) € A’
22: Find (7, j) € Ay
23: Ay — Ay UG HINE )Y
24: N —{j}
25: AT(—Ti+l‘(i’j)—Tj
26: AS(—S,'+S(,-J)—SJ'
27: while N’ # @ do
28: Remove i”’ € N’
29: Update T;»» < T;» + AT and Sj» < Sij» + AS
30: if i”” €V, then
31: Update (RUE) 4y i)y UpdatePSP((N, Ay), (N, AL, u,i”, [E(“’i’/),w(“’i,’)],w, w’ R+ w(""i")+)
32: end if
33: for (i"”,j’) e A, do
34: N «— N U{j’}
35: end for
36: end while
37: we—w’
38: Ay — A,
39: end if

40: end while
41: forv eV, do
42:  if w<w®V) then

43: R-Y)*+  (path from u to v in the tree (N, A,)}
44: W(M’V)"‘ (_W(u,v)

45: R+ ]

46: else (E(“"’) <w)

47: wlov )t )

48: end ifR

49: end for

50: Output R+ and w(()u’v)+, . ,w;“(;v’v); forall v eV,
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Algorithm 4 Update Parametric Shortest Paths and Thresholds
UpdatePSP((N’ ‘?{M)’ (Na ﬂ;% u,v, [m(u,v), W(u,v)]’ w, W,, R(u,v)+’ W(M’V)+)

Require: Trees (N, A,) and (N, A;,), origin u, destination v, support interval [w (“’V),W(”"’)], current thresholds w < w’, path
list R(V)+ with |R(4:)+] = R(4:V)* threshold list w(#-V)*
it w < w(Y) <wHY) <37 then
RU-Y)*+  (path from u to v in the tree (N, Ay,)}
W(“»V)+ — \'_V(M’v)
R%”"’)+ —1
else if w < w (") <w’ <w(#") then
RU:Y)*+  (path from u to v in the tree (N, Ay,)}
WEM’VH —w
R+  Ruv)+y {path from u to v in the tree (N, A},)}
9: RVt 3
10: else if w(*Y) <w <w(*Y) <’ then
11: (u,v)+ —(u,v)

e AR e oy

Rw.v)+ —w
12: else if w(*¥) <w <w’ <w") then
13: eVt

R.v)+
14: R+  Ruv)+yy {path from u to v in the tree (N, A,,)}
150 RV RV 4]
16: end if
17: Output path list R(#-V)*  threshold list w(*-V)*

Let g* = (¢7*,m € I1,r € R™) be as follows: For eachr € R™ let qr* =47, and for eachr € R™ \ R™
let g7* =0. Then x(q*) =x(q).

Let w* = (w*,n € Il,r € {0} UR") and R ={r],...,r}.} denote the output of Algorithm 1
with input R™ and g*. Let R™ be indexed withr =1, ...,R”, and let

A7 = D" [Tr’iL*(x(q*))+W" (S;fz*—s",r)] Vrell (35)

Let A" := (2™, € II). For each n €11, let R™ denote an optimal set of paths for the parametric
shortest path problem (over the complete path set R™) with arc costs t,(x,(G)) and s,. That is,
R™ can be indexed such that R™ = {r!,...,r*} and there are thresholds w™ = Wiy <wri <.+ <
Tl SWh= W™ such that for all i = 1, ...,k it holds that Ch(w,x(9)) < CJ(w,x(q)) for all

r'eR"andw € [w”,_,,wT]. Suppose that R™ c R” for each nt € I1. Then it holds that (q*, 1*,w*)

w

satisfies the optimality conditions for the complete path set:

R™-1

qr <D™\ T (x(q")) + Z (SF, =87 )wi|+2™F = 0 Vrell, VreR” (36)
R™-1 )

D™ |T" (x(q")) + Z (57, =S, YW |+4™ > 0  Vrell,VreR" (37)

r'=r

THEOREM 2. Algorithm BTA returns a solution § = (§%,n € II,r € R™) in O (Zﬂen |7?”|) steps.
Then q* = (¢7*, 7 € I,r € R™), where q** = ¢~ for all t € 11, r € R™ and ¢7* =0 for all & €1,
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r € R*\ R”, is optimal for problem (18) with the complete path set. Given q* and the resulting

output w* of Algorithm 1, (q*,w") is an equilibrium of the BiTAP.

EXAMPLE 6. We present a network for which (g, w) given in Examples 1 and 3 is an equilibrium.
We also present the steps of Algorithm BTA. Let

N = {u,v,z1,...,210} A = {(u,z),(z,v) :i=1,...,10},

letIT={n} with 7 = (u,v),let D™ =1, and let path r; = ((u, z;), (z;,v)). Forevery i, let ¢, .,y (y) =0,

Sz =0, and s, ) = Sf[, with ™ as in Example 1, and let

t(Z],V)(y) = 0.03+O.1y, t(zz,v)(y) = 0.05,
t(zw)(y) = 0.04+y/30, t(zw)(y) =0.135,

t(zs,v)(y) = 0.16, (z6.v) (y) =0.11+0.1y, (38)
I(z0)(¥) = 0.18, t(zm) (V) = 0.235,
t(ZQ,V) (y) = 0'197 t(ZIOsV) (y) =0.31.

The paths are arc-disjoint, so (11) and (38) give

q° = (.1,.3,.3,0,0,.1,0,0,0,.2) = T"(x(q")) = (.04,.05,.05,.135,.16,.12,.18, .235,.19, .31),
(39)

as required. Starting with arc travel times 7,(0), Algorithm 3 gives initial path set R™ = R™ =

{ri,r3,re,r9,r10}. Path rp is omitted because ST, =87, and 1(4,.) (0)=.05> .04 =1, ,)(0); Fig-

ure 5(a) shows that the other omitted paths also lie above the efficient frontier.

The optimal solution § for problem (18) with initial path set R™ is (47, 4%, 47> drysdryy) =
(833 - 35, 1), with thresholds (W7, W, WF,, W, W7,) = ( 7k g 7o 35- % ) - Optimality con-
ditions (21)—(22) hold with 2™ =-31/100.

At this solution, 77 (x(g)) = 1/20 < 49/900 = T (x(§)). Algorithm 3 with arc travel times
ta(x4(q4)) gives path set R™ = {ry,ra,r6,r9,r10}, and thus RT — R™ U {r2}. The optimal solution
for problem (18) with updated path set R” gives ¢* in (39). Algorithm 3 with arc travel times
ta(x4(q*)) gives path set R™ = {ry,r2,r¢,79,710} C R™If Algorithm 3 selects r3 instead of r, at
w =0.01, or skips path r¢ at w =0.07, it still holds that R™ c Rr. Algorithm BTA terminates, and

Lemma 10 verifies optimality for the full path set. Algorithm 1 then gives w* in (32). O



Authors’ names not included for peer review

Article submitted to Operations Research 27
0= 710 ==
oa 1 - / o4 L - /
rﬁ’/ r"/
B 037 03 1
2
SN
tE-)k 0.2 + P 0.2 new 1,
. / . /
)‘1 r
v > H ‘ ‘ >
0 .01 .07 .08 12 .14 /180 07 -12 -14
w w
(a) Parametric shortest path solution with zero initial flow. (b) Parametric shortest path solution after the first flow
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(c) Parametric shortest path solution for flow x(g*).
Figure 5  The three parametric shortest path solutions produced by Algorithm 3 in Example 6. Thin gray lines are the bicriteria

costs of all ten paths and thick colored pieces their lower envelope. Panel (a) shows the first path set R”. Panel (b)
shows the parametric shortest path solution for the updated flow x(§); path r¢ is optimal only at the marked singleton
w =0.07. Panel (c) shows the final parametric shortest path solution for the final flow x(g*), when every parametric

shortest path is already in R”.

5. Numerical Results

In this section we compare Algorithm BTA with the methods of Dafermos (1972), Daganzo (1983),
Dial (1996), Marcotte et al. (1996), and Xie et al. (2026). Specifically, from Dafermos (1972) we
use the path-correction algorithm for the multiclass problem, in its TNTP surrogate cost mode.
From Daganzo (1983) we use the stochastic approximation algorithm, with the feasible Cesaro
average. From Dial (1996) we use T2-ETA, which calls T2-MPA as its minimum-path assignment
subproblem. From Marcotte et al. (1996) we use the parametric shortest path descent with the
paper’s exact line search (not its Armijo variants). From Xie et al. (2026) we use SBA rather than
the Frank-Wolfe or T2-0 algorithms that accompany it.

Table EC.1 gives summary network data such as the numbers of nodes, arcs, zones, OD pairs,

and total demand, for each benchmark network used in the numerical tests. Link travel times are
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given by the BPR function 7,(x,) = t2(1 + a4(x4/cq)P*), with @, and B, given in Table EC.2.
The arc flow monetary costs are given by s, = apx>°t’ (x3°), called marginal-cost tolls, rounded
to the nearest 0.01 for every a € A, with ag =1 (except for the results discussed in Section 5.3)
and x50 being the system optimal arc flows for the same instance. Tests were performed with two
types of instances: smooth instances, meaning that Y is smooth (a sufficient condition is that G
has a positive density on [w”,w”"], as the methods of Marcotte et al. 1996 and Xie et al. 2026
require), and nonsmooth instances. For the smooth instances, all methods used w ~ U[6,30],
and for the nonsmooth instances w followed a “staircase” distribution with equal point masses at
w=0,2.5,5,7.5,10.

All methods, except the SBA method, are implemented in C11 with POSIX threads, and compiled
via Clang. The SBA code, obtained from the authors of Xie et al. (2026), was written in C++14, built
from GCC 12.3.0. The reported computation times exclude the computation of x°° to determine
input arc flow monetary costs s,. We ran BTA with two solvers for solving problem (18) with
subsets of paths R” in Line 10 of Algorithm 2: The FISTA method of Sujanani and Monteiro (2024)
was used for the smooth instances, and the two-cut adaptive proximal bundle method (Ad-GPB) of
Monteiro and Zhang (2024) was used for the nonsmooth instances. Table EC.2 gives the parameters

used for these solvers.

5.1. Benchmarking Metrics

For each instance i and method m, let g, ,, (") denote the incumbent solution at CPU time ¢/, and let
Vim(®) = min Y (qin (1) (40)

denote the best objective value attained by time #. For each instance i we also compute a lower

bound on the optimal objective value Y, as follows. It follows from convexity of Y; that

Y, > Yi(q) +min{<g,y—q> : yel_[qun} (41)

el
for any feasible ¢ and any subgradient g € dY;(q) at g. For instance #, let L; denote the largest lower
bound of (41) over all iterates g produced by all methods m. Thus, L; is the best lower bound on
Y computed during the test. Let q? denote an initial feasible solution for instance i obtained after
Line 4 of Algorithm 2. Then the relative gap for any method m on instance i at time 7 is
Vim(t) = L;

Yi(q)) - L; 2

Yim (t) =
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Thus, y; gTa(0) = 1. Note that the denominator does not depend on the method m, and is used only

for scaling. For any tolerance ¢; > 0 and maximum compute time 7; for instance i, let

inf{r € [0,T;] : yim(t) <&} if{te[0,Ti]:yim(t)<e&}#0
T; otherwise

denote the time at which method m first reaches the tolerance for instance i, capped at 7;. We used
&; = 107 for smooth instances and &; = 103 for nonsmooth instances. We used 7; = 3600s for
all instances, except for the smooth Goldcoast, Chicago Regional, and Philadelphia instances, for
which T; = 21600s, and the nonsmooth Goldcoast, Chicago Regional, and Philadelphia instances
(each with more than a million OD records), for which 7; = 86400s. As a time-dependent aggregate
performance metric over set  of instances, we compute the fraction of instances for which method m
finds a sufficiently good solution by time ¢, given by
P,(t) = % ; 1 {y,-,m (min{¢,T;}) < si} )
i

Other aggregate performance metrics for each method m are

/1]
8
gm = l_l(tl’m+1) _la rm = .—m’
iel 0 Em?
1 .
m = m;]l{%,m(ﬂ)ﬁsi, fi,m=frrlnl,nfi,m'},
1

the shifted geometric mean capped completion time, its normalized value, and the fraction of all

instances for which method m reaches the tolerance &; by time 7; and is the fastest.

5.2. Convergence Performance on Benchmark Networks

Table 1 and Figure 6 compare BTA with the methods of Daganzo (1983), Dial (1996), Marcotte
et al. (1996) and Xie et al. (2026) for smooth instances. No method reached the target tolerance &;
by time 7; for the Goldcoast, Chicago Regional, or Philadelphia instances, and BTA was the fastest
on all 14 remaining instances.

Table 2 compares BTA with the method of Dafermos (1972) for nonsmooth instances for which w
has finite support. Dafermos reached the target tolerance &; by time 7; for all 17 instances, while BTA
reached g; by time 7; for 15 of the 17 instances (excluding Goldcoast and Philadelphia). Tables EC.3
and EC.4 in Appendix EC.4 report the per-instance computation times for both comparisons.

Table 3 reports the solution times #; pta and final gaps y; pra(7;) for BTA. If #; gra < T; then

YisTa(T;) < &, and if t; gra = T; then y; pra (T7) > &;.
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Table 1 Comparison of BTA and the methods of Daganzo (1983), Dial (1996), Marcotte et al. (1996), and Xie et al. (2026) for
smooth instances, in terms of the shifted geometric mean completion time g, its normalized value 7, the fastest share %,,, and

the number of instances i solved in time 7;.

Method gm 'm h,, Instances i solved in time 7;
Daganzo 3120.898 250.622 0.000 1/17
Dial 196.485 15.779 0.000 12/17
Marcotte—Zhu 68.737 5.520 0.000 13/17
SBA 59.983 4.817 0.000 13/17
BTA 12.453 1.000 0.824 14/17
1 T T T
--- Daganzo ----- Dial
0.8 [ «veees Marcotte—Zhu - - - - SBA S
{‘ — BTA
S 06|
S o4f
L
0.2
0 = ——d oo 1 I
1074 1072 1 10% 21600

elapsed time ¢ (seconds)

Figure 6 Plot of Py, () for BTA and the methods of Daganzo (1983), Dial (1996), Marcotte et al. (1996), and Xie et al. (2026)
over all 17 smooth instances. BTA reaches 0.82, missing only Goldcoast, Chicago Regional, and Philadelphia, for

which no method reaches the target tolerance; SBA reaches 0.76, Marcotte-Zhu 0.76, Dial 0.71, and Daganzo 0.06.

Table 2 ~ Comparison of BTA and the method of Dafermos (1972) for instances with finite support for w, in terms of the shifted

geometric mean completion time g, its normalized value r,,, the fastest share 4,,,, and the number of instances i solved in time 7;.

Method gm 'm h,, Instances i solved in time T;
Dafermos 25.641 1.000 0.882 17/17
BTA 204.737 7.985 0.118 15/17

5.3. Impact of Tolls on Path Diversity

It is of interest to determine how much the introduction of a second criterion such as tolls affect
the diversity of paths used in equilibrium. We compare the fraction of OD pairs with positive
flow in equilibrium on more than one path in four settings: no tolls, lower marginal-cost tolls
with @¢ = 1, higher marginal-cost tolls with @ = 18, and selective capacity-UE tolls (specified in
Appendix EC.4). The no-toll case is the single-criterion baseline. Table 4 reports the fractions for
four networks. The fraction of OD pairs with positive flow on more than one path is greater with
a second criterion (tolls) than with a single criterion (time), and in most, but not all, cases, the

fraction tends to increase as the tolls increase.
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Table 3 Solution times #; gt and final gaps y; gta (7;) for BTA.

Smooth, w ~ U[6,30] Nonsmooth, w ~ staircase

Network Time Gap Time Gap
Braess <0.001 <1073 0.016 <1073
Sioux Falls 0.032 <1073 0.191 <1073
Berlin Tiergarten 0.040 <1073 7.915 <1073
Friedrichshain 0.045 <107 15.671 <1073
Anaheim 0.321 <1073 140.964 <1073
Berlin Prenzlauerberg 0.168 <1073 39.797 <1073
Berlin Mitte 0.070 <1073 33.597 <1073
Winnipeg-Asym 1.275 <1073 42.728 <1073
Berlin M.—P-F. 1.038 <107 275.643 <1073
Terrassa-Asym 9.935 <1073 280.418 <1073
Hessen-Asym 14.657 <1073 314.519 <1073
Winnipeg 4.673 <107? 84.343 <1073
Barcelona 5.987 <107 2093.585 <1073
Berlin Center 25.352 <107 2014.743 <1073
Goldcoast 21600 1.09 x 1072 43200 5.32%x 1073
Philadelphia 21600 5.06x 1074 43200  1.65x 1072
Chicago Regional 21600 2.03x 107! 20352.302 <1073

Table 4  The fraction of OD pairs with positive flow in equilibrium on more than one path under four tolling schemes.

Table EC.6 in Appendix EC.4 also gives elapsed times, final gaps, and used-path counts for the same instances.

Network Instance Notoll MCeap=1 MC ap=18 Capacity-UE
Sioux Falls Smooth 0.265 0.394 0.286 0.345
Nonsmooth  0.222 0.570 0.697 0.540
Anaheim Smooth 0.286 0.583 0.762 0.323
Nonsmooth  0.337 0.764 0.925 0.698
Berlin Tiergarten Smooth 0.222 0.484 0.630 0.247
Nonsmooth  0.238 0.618 0.835 0.315
Winnipeg-Asym Smooth 0.788 0.827 0.722 0.789
Nonsmooth  0.786 0.882 0.919 0.829

6. Conclusion

The method for the bicriteria traffic assignment problem proposed in this paper has a number
of advantages. First, it can be used with any distribution for the weight that trades off the two
criteria, whereas previously proposed methods were either restricted to a distribution with finite
support or a distribution with a positive density on an interval. Second, with the proposed method
an equilibrium can be computed by solving a finite dimensional convex optimization problem.
This advantage contributes to the proposed algorithm having better empirical performance than
previously proposed algorithms, with the exception that the algorithm of Dafermos (1972), designed
for instances with a finite number of user classes (the distribution has finite support), often performs
better on such instances. A closer look at the relative performance of the algorithms on these

instances reveals a shortcoming of the proposed algorithm — it spends too much time solving the
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restricted problem with a small subset of paths to the accuracy required of the final solution, instead
of stopping the iteration earlier to generate new paths. Such an enhancement requires a different

algorithm, and is the topic of further research.
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Electronic Companion

EC.1. Proofs for Results in Section 4.1

Lemma 1 For any n € I, consider two total orders < and < on R™ such that for any r,r’ € R”*

it holds that if r <r" or r <r’ then ST > S7,. Consider any R™ c R™ and any q” € Agpr. For each

reR”, let
pr = Z qr and pr o= Z q-
{r’eﬁﬂ:rfjr} {r’Eﬁﬂ:r’4r}
Then
T T _ g x
Z Sr/Ry dGlr pr () = Z S,/Ry dGlr sz () (EC.1)
reR”® reRT

and thus ¢(q) is invariant with respect to the chosen order.

Proof. Consider any r € R”™. Let r’ € R™ satisfy ST, =87 and ST, > Sy forall r'” € R7™ such that
r” <r’, and let r”” € R™ satisfy S™, = ST and S7,, < ST for all r” € R™ such that r” < r"”. Similarly,
let 7 € R™ satisfy S%, =87 and S7,, > Sy for all ¥ € R”™ such that r”” </, and let 7 € R™ satisfy
S%, =87 and §7,, < Sy forall ¥ € R” such that 7/ <r”. Then {r"”" € R™ : 8%, >Sty={r"¢€ R
< I’,} — {r/// c ﬁﬂ < <f’}, {r/// c ﬁﬂ . S:,r,,, — S;r} — {r/// c ﬁﬂ A I’”} — {7‘”’ c ﬁn .

Far” </}, and {r” € R* : ST, <SFy={r" e R™ : r"" 1"} ={r"” € R™ : #"" <r"}. Thus,

T — v/ _ v/ _ T
pr/_l - Z qr/// - Z qr/// - pf/—l

{r///eﬁn . r///<r/} {ruleﬁn :r/u<';/}
and
T _ T T _ .7 T _ .7
pr/, - pr/_l + Z qr,’/ - pr'./_l + Z qr/,’ - pi.//
{r”’eﬁ” ! jr”’jr”} {r///eﬁn . r”<r”’<f”}
Hence,

Z S;T//, /R;y dGZf///_l’p:rN/ (y) = S;T/ Z /y ngf’”—l’pf’” (y)

o N R
{rIIIERK : S;I’”:S;T} {rulean :r’jr”’jr”}

10) o .
- SV‘/]R;dep;r/_l,p;rN(y)

= Sf/y dG%x s ()
R =1

s

S D VRN PTC A

{rrlleﬁn : ,'.r4r/rr4}:./r} R
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_ D s7, /R ydGpr  pr, ()

{reR7 .87, =8I}

The equality holds for every value S7 and every = € I1, and therefore (EC.1) holds. O

Lemma 2 The function ¢ : [0,1] — R is convex and Lipschitz continuous, and d¢(p) = G~ (p)
for every p € [0, 1].

Proof. Recall that G~ (p) # @ for all p € [0, 1]. We first show that for every p € [0, 1] and
every w € G™1(p), w is a subgradient of ¢ at j, which establishes that ¢ is convex and that

G~ Y(p) c d¢(p). For every p € [p, 1] it holds that

o(p)—o(p) = / w dGo,p(w) - /R w dGos(w)

R

/w dGpp(w) > /W dGsp(w) = w(p-p).
R R

Also, for every p € [0, p] it holds that

o(p) —0(p) = /R w dGo,p (W) - /R w dGos(w) = — /R wdGpp(w) > — /R W dG,s(w) = w(p—p).

Thus ¢(p) —(p) = Ww(p —p) forall p € [0, 1]. It follows that ¢ is convex and that G~ (p) c d¢(p)
for all p € [0, 1]. Also, for any 0 < p < p < 1 it holds that
W

o(p)—o(p) = / wdGp,(w) < W(pp)

w

and thus ¢ is Lipschitz continuous with Lipschitz constant w.

Next we show that d¢(p) ¢ G=1(p) for all p € [0, 1]. Consider any W ¢ G~'(p). Then, either
W <min{w € G~1(p)} or w > max{w € G~ (p)}.

First, consider the case in which W < min{w € G~!(p)}, that is, there is a w > W such that

p:=G(w) < p. Then
o(H)—e(p) = - /R wdGysw) < - /R WdG W) = —W(p=P) < W(F—P)

and thus W ¢ d¢(p). Next, consider the case in which W > max{w € G~'(p)}, that is, there is a

w < W such that p :=G(w) > p. Then
o(5) - o(p) = /R wdGy(w) < /R ®dGy(w) = w(F-p) < W(p-p)

and thus W ¢ d¢(p). Hence dp(p) c G1(p) for all p € [0, 1].
Therefore it has been established that d¢(p) =G~ (p) forevery p € [0,1]. O
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Lemma 3 The function ¢ : [ cr; Ag= — R is convex and continuous, and

opa) = [[[pm D, (sT-sm) (107 2y 7 € RT) (G (LE(g™) + Naga (67

nell {reR7:r+1eR™}
Proof.  Itfollows from ST > ST | and Lemma 2 that ¢ is convex and continuous. For each 7 € I1,

let ¢™ : Ap. — R be given by

$"(q") = D" ) [I{r+1eR™} (ST -S7,)) 7 (¢") +1{r+1 ¢ RIS, 6" (1)]

reRx
For each 7 €11, it holds that
ﬂ ri(dom(¢})) = Ay, # ©@

reR”®

and thus it follows from the Moreau-Rockafellar Theorem (Rockafellar 1997, Theorem 23.8) that

DTN (ST ST) 06T (d") + Nage (47)

{reR™ :r+1eR™}

DY (ST (L0 2 e RY) (G (LEGM) + Nage (67)
{reR=:r+leR™}

a¢™(q")

Then it follows from ¢(q) = e ¢ (¢7) being separable that

a¢(q) = | |09™(a"

nell
= l_[ D" Z (ST —ST ) (]l {r'<r},r'e 7?”) (G (LT(q™)) + Nage (47)
nell {reR7:r+leR7}

O

Lemma 4 The function y is convex and continuous on [ ey Agx, and

v (q) = g=(gf,ﬂ€H,r€7Q”) L gf =D ) Tus T € |17 (xa(@)s 15 (a(@)] Va e AL+] | Nage (67)

acAf mell
with [t7(0),15(0)] := (—o0,£(0)].

Proof. 1Tt is convenient to extend the domain of ¢ before establishing its subdifferential: Let

0 = {q:(qf,ﬂel’l,reﬁﬂ) :xa(q)ZOVaeﬂ}
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Note that [ crf Agr C [1ren Rf” COCIlzen RR™ Let Ui [ een RR™ 5 RU {co} be given by (17)
if g € [Trer Agrs and Y(q) = 0 if g & [Ten Agss that is, ¥(q) = ¥(q) + Xren O o (47) for all
g € [Tyen RR”, where

) Saen Y1) dy  ifgeQ

Y(q) =
00 ifgé¢Q

and, for each w € I1, 6} : RR™ 5 RU {oo} is the indicator function of Ag, given by
~R7T

i i 0 ifg" €A,
5A‘fz"(q ) =
oo ifqg" ¢ Ay,

Note that

ri(dom(lff))ﬂri(dom(Zé”ﬁn)) = []as. # o

mell mell

and thus it follows from the Moreau-Rockafellar Theorem (Rockafellar 1997, Theorem 23.8)
and ¥ (q) =¥ (q) + X renn 5% ... (a™) that 9y (q) = O (q) +0 Y ey 0% .. (@™)- Also, it follows from
Sren 85, (¢7) being separable that 9 ey 65 (%) = [ren 955 (47) = [nen Nags (7).
Next we determine 0¥ (q). Consider any § € Q and any g such that §¥ = D™ Y . Ax Ta> Ta €
[t; (x4(9)), tZ(xa(é))] Va € A. For any g € Q and a € A, first consider the case in which x,(g) >

x4(4). Then
xa(q) xa(g) xa(q)
/O 1q4(y) dy - /0 14(y) dy /x o 14(y) dy
l‘;(xa(qA)) [xa(q) =x4(§)] = 74lxa(q) —x4(§)]

Y

Next consider the case in which x,(q) < x,(§). Then

xa(q) xa(q) xa(q)
/ ta(y) dy — / ta(y)dy = - / ta(y) dy
0 0 xa(q)

2 _t;(xa(C?)) [xa(§) =xa(q)] = 74[x4(q) —x4(§)]
Thus,
xa(q) xa(g)
o EEYP ) dy— ) q
Y(q)—¢(q) ;ﬂ/o 14(y) dy ;/O 1q4(y) dy

\%

PRAACEEAC)

acA
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ZTa ZD” Z q’f—ZD" Z qr

aeA mell reﬁg nmell reﬁg
Vg b ATT _ AT A
= > > D" Y w(gf-4q) = & (q-9)
nell peRn acAr

and hence § € 9y/(§). Therefore,

0(q) > {g=(grmellreR™) : gr=D" 3" 7, 70 € [1(xa(9)), 15 (xa(9))] Va €A

acAr

Next, considerany g ¢ {g = (gf,ﬂ ell,re 7?”) 1 8y =D Ypeqr Tar Ta € [t;(xa(c})),t;'(xa(qA))] Yace ﬂ}.
Let Ag:={a e A : x,(q) =0}, A=:={a € A : xa(q) > 0,1,(x4(g)) = 17(x4(§))}, and
Ay i={aeA :x,(q) >0, t;(xs(§)) <t;(xa(§))}. Then

¢ = min > e (EC.2)

nell reﬁn’

st OF > gr-D" Y 1, Vmell,VreR” (EC.3)

acAr
or > D”ZTa—gf Vrell, VreR" (EC.4)
aceAr

T, = t,(x4(9)) YaeA, (EC.5)
7, < 15 (xa(§)) VaeAyU A, (EC.6)
T, = tqa(x4(4)) VaeA- (EC.7)

satisfies Z > 0. Let n7 > 0 denote the dual variables associated with (EC.3), let {F > 0 denote the
dual variables associated with (EC.4), let A, > 0 denote the dual variables associated with (EC.5),
let A} > 0 denote the dual variables associated with (EC.6), and let A denote the dual variables

associated with (EC.7). Then

A — ATT T _ 7 l,— y A /l_— t+ A /l++ t A /l:
g= max DD G- ) na@G - Y, @A+ ) tabka(@)A7
mell peRn acAy acAgUA, acA-
(EC.8)
st. " +(" =1 Vrell,VreR" (EC.9)
—+ YYD -L) =0 VaedA (EC.10)

nell peRr
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(G=a5)+>, > D"(f-¢f) =0 Vaed, (EC.11)
nell peRr
L+Y Y DT(f-4) =0 VaeA (EC.12)
nell peRr
7.{,47,47 =2 0 (EC.13)

Let (j,£,A~, A%, A7) be an optimal solution of (EC.8)—(EC.13). Let § : Ry > [T ey RR" be given
by (@) :=4+a (- Z) Consider any € € (0,2/2 se.q 2inent Zreﬁg D™).
For any a € Ay, it holds that

(EC.13) . , R
0 < alf "=V e Y DT@r-2r) = YD D (Ha) - 4F) = xa(d(@) ()

nell reRr nell reRr

(EC.14)
Thus x,(g(@)) = x,(§) =0 for all @ > 0. Also note that x,(g(-)) is continuous, and thus
limg o X4 (G(@)) = x4(¢) and lim, o2, (x.(G(@))) < t1(x4(4)). (It is possible that A} = 0 and
xq(g(@)) =x,(§) for all @, in which case it may hold that 7, (x,(¢(@))) <} (x,(§)) for all @.) Let
Ag > 0 be such that 7,(x,(§(@))) < 1} (x4(§)) + & for all @ € [0,A,]. Then, for all @ € [0,4,] it
holds that
xa(d(a)) xa(g) xa(d(a))
ba@)-0.@) = [ wma- [Tume = [ um e
0 0 xa(g)
[th(xa(§)) +&] @
(EC.15)

(EC 14)

< [ (xa(@) +&] [xa(d(@)) = %o ()]

It follows from (EC.9) and (EC.13) that 7§ (r <1 and thus

A Zn Zr T
eqr ECI0 ey > D (] < €I SreRs (EC.16)

a Za e AgUA Zﬂ'en ZVGRH D7

nell peRr

Consider any a € A,. It follows from 7, (x,(§)) <t} (x,(§)) and complementary slackness that
A A% = 0. First consider a € A, := {a € Ay Yent Dyepr D™ (07 = &7) 2 } Then it holds that

sy Aoy (ECID) U o . v 5
a(B-4;) "= a )y Y DTAF=E) = ) ), DT (@@ ~47) = xa(d(@)-xa(q) = 0

nell peRr nell peRr

(EC.17)
Thus A; =0 and x,(§(@)) = x,(§) = 0 for all @ > 0. Let A, > 0 be such that #, (xa(g(@))) <
1} (xa(§)) + € for all @ € [0, A,]. Then, for all @ € [0, A,] it holds that

. . xa(g(a)) xa(q) xa(d(a))
Val(d(@) = va(q) = /0 ta(y) dy—/o ta(y) dy = /(A) ta(y) dy
Xalqg
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(EC.17) [t;r (xa(c})) + 8] a//iz

(EC.18)

< [ (xa(@) +&] [xa(d(@) = xa(9)]

It follows from (EC.9) and (EC.13) that 77 — Z 7 <1 and thus

S~ DT
b (ae 4oy (ECD) . R Linell ZreRr
S/la - (/la /la) - ¢ Z Z b (nr évr) ) ZZa’eﬂoU?L, ZneH Zreﬁ;ﬁ DT =D

nell peRr

Next, consider a € A,_ := {a € Ays & Xpert Zyer D7 (77 - CF) < 0}. Then it holds that

(en)

A~ A (ECll) A 2 v A ~ A
a(-17) "= a Y Y DR =& = ), > DM a(@) = d]) = xa(d(@)-xa(g) <
nell reRr nell peRr
(EC.20)
Thus ¥ = 0. Note that x,(§) > 0. Also note that lim, o x, (G (@)) = x,(§) and lim, | 2, (x4 (§(@))) =
17 (x4(4)). Let Ag > 0 be such that 74(x.(d(@))) > 1; (x4(§)) — &€ and x4(g(@)) > 0 for all @ €

[0,A,]. Then, for all a € [0, A,] it holds that
. . xa(q(@)) xa(q) xa(q)
ba@)-0a@) = [ wma- [Tame = - [ wme
0 0 xq(d(a))
- [t; (xa(9)) - 8] al,
(EC.21)

(EC.20)

< 1z (xa(@) —&] [xa(g(@) = x4(9)]

It follows from (EC.9) and (EC.13) that /% — /" < 1 and thus

AL AL & (EC.11) A . R el Zreﬁ” D"
el = (A, -A" = & D" ({F-77) < 2 z (EC.22)
( ¢ a) Z Z ( ' r) Za’eﬂoufh ZﬂeH Zreﬁ;r, D7

nell peRr

Consider any a € A-. First considera € A-, := {a € A=t Ygen Zyegr D" (HF - ff) > 0}. Then
it holds that
s= (EC.12) T (AT on T~ ATT v A
—ady T2V a) Y DT -8) = ), ) DM@ @-d]) = x(d(@) ~x(@) = 0
nell peRr nell peRr
(EC.23)
Thus A < 0 and x,(¢(@)) > x4(§) > 0 for all @ > 0. Let A, > 0 be such that ¢, (xa(g(@))) <
ta(xa(§)) + & for all @ € [0, A,]. Then, for all @ € [0, A,] it holds that

R R xq(gd(a)) xa(4) xa(d(a))
Ja(d(0) —da(d) = /0 ta(y) dy - /0 fa(y) dy = / ta(y) dy

a(g)
< [talxa(@) + €] [xa(@(@) =xa(@] "=~ [ta(xa(@) +£] @A

(EC.24)
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It follows from (EC.9) and (EC.13) that 57 — ’ 7 <1 and thus

R n Zn Zr 2x D™
LSS gy < o LenEen ez

“ Za’eﬂOUﬂJ, Zﬂel'[ Zreﬁ:/ D7

nell peRr

Next consider a € A-_ = {a € A=t Ypent Xyepx D™ (A7 = LT) < O}. Then it holds that

al; =P 0N DT (-8 = Y D D@ -4F) = xa(d(@) -xa(g) < O

nell peRr nell peRr
(EC.26)

Thus A7 > 0. Note that x,(g) > 0. Let A, > 0 be such that #,(x,(§(@))) > ta(x(§)) — & for all
a € [0,A,]. Then, for all @ € [0, A,] it holds that
. - xaG() %al@) %ald)
bula@)=0u(@) = [ wma- [Tame = - [0 woe
X,

a(g(a))

(EC:20) [ta (xa (é)) - 8] a/iz

(EC.27)

< talxa(@) €] xa(d(@)) = x4(9)]

It follows from (EC.9) and (EC.13) that £ T —77 <1 and thus

A Zﬂ' Zr ar D"
el; €Y e N D) < clSreks (EC.28)

Za’eﬂoufh Zﬂel'[ Zreﬁ;f/ D7

nell peRr

Let A:=min{A, : a € A} > 0. Note that x,(g(a)) >0 for all @ € [0, A] and all a € A, and thus
g(a) e Q forall a € [0, A]. Then, for all @ € (0, A] it holds that

G(d@) =d(@) = D [Fald(@) = da(q)]

acA
= ;} [Ja(d(@)) ~ da(q)] + ; [Va(d(@)) - fa(q)] + ; [Ja(d(0)) —Pa(
+ ) [lﬁa(w))—@a(é)]: 2 [tﬁa(ma))—e@a(é)f
(EC.15)(EZ.EI\Z{)_(;ECS.2l)(EC.24)(EC.27) Z (E:;;a(é)) N 8] a//i;_
acA
¥ ; (14 (xa()) +&] @ - ; [z (xa (@) - £] @4
- ZH [ta(xa(c}))+8] a//iZ— ZJr_ [ta(xa(é))—s] a/i;
acA_, acA__

xa(Q))

(EC.16)(EC.19)(EC. 22)(EC 25)(EC.28)
@)t

acA
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+a Z t;(xa(@))/iZ—a Z t;(xa(qA))/i;

acA . €A, _
A ZTFGH Zreﬁ" Dﬂ-
- I, xa(qA) /lZ"'a’ Z -
a; ( ) ;ﬂ Za’eﬂ ZRGH Zreﬁ" D
= @ ) Gla@)ra ) dla@) i —a Yt @)~ ) talxa(@) A7 +az
acAy aeA, acA, acA=
=a Y @) ) (@@l - D ta(xa(@) ]
acAgUA, acA, acA=
Fa i DA+ ) @ Ag - ) @)+ D ta(xa(@)
nell eRn a€A, ac€AUA, aceA-

@g"(n-¢) = &"(4(a)-4q)

and thus g ¢ 9y (§). Therefore, it has been established that

o (q) = g=(gf,ﬂ€H,re7?”) L@l =D" Y 14, Ta € |17 (xa(9)), 1 (xa(g))] Vae A
acAr

and the result of the lemma follows. O

EC.2. Proof for Result in Section 4.2

Lemma 6 Avector q* € [],c1 Ay« is optimal for problem (18) if and only if there exist T* = (1,,a €
A) with T € [15 (a(g). 1} (xa(g"))], w* = ( ™ eIl r evéﬂ) with w™ € (G™)™" (L7 (¢™)),
and ¥ = (A, € I1), such that the following holds:

g D" | ) e > (S7 -85 w447t = 0 Vrell,VreR”
acAf {r’eﬁ” : rjr’,r’+1€7%”}
D™ > T+ > (% =7 Wi |[+4™ > 0 Vrell,VreR”
acAf {r’E?é” :rﬁr’,r’+1€ﬁ”}

Proof. Convexity of Y : [[;cr1 Ag» — R follows from Lemmas 3 and 4. It follows from convex-
ity of Y and [],cpy Ag~ that g* € [[err Ap- is optimal for problem (18) if and only if 0 € Y (g%).
Note that Y(g) =¢(q) +¢(q) + Xren 6}, (¢7) and

= [[a;. # o

mell

ri (dom(y)) N ri (dom(g)) N ri (dom(;ﬂw)

and thus it follows from the Moreau-Rockafellar Theorem (Rockafellar 1997, Theorem 23.8)
that Y (q) = 0y (q) + 0¢(q) + 0 X ren 6% . (q™). Hence, it follows from Lemmas 3 and 4 that
RT(
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0 € 0Y(g") if and only if there exist 7* = (7;,a € A) with 7, € [tg(xa(q*)),t;(xa(q*))], w* =
(w’rr*,n ell,re 7?”) with wr* € (G™)™ (LF(¢™)), and v™ = (vF*,r € R™) € N (g™) for all
m € I1, such that

0= D" > i+ > (8% =87, )wi |4V Vmell, VreR™ (EC.29)
aeAL {r'eR™ :r=<r’ r'+1eR7}
Note that v™ € Nj,,(¢"™) if and only if there are A™ and p;™ > 0 for all r € R”™, such that
V& = A — ™ and u*q™ =0 for all r € R”. Therefore, in both the cases ¢7* = 0 and ¢7* > 0,
(EC.29) is equivalent to (19)—(20). O

EC.3. Proofs for Results in Section 4.3

Lemma 8 Assume that t, : Ry — R, is continuous for all a € A. Consider any optimal solution g
Jor problem (18), and the resulting output w and R7. , w € I1, of Algorithm 1. Then the following
hold:

(1) The thresholds w satisfy w" =wg S wi <--- S wi, =w" for all © €11.

(2) Every path with positive flow is an efficient path, that is, {r eR™ : qr > O} CRE. .
(3) The thresholds w satisfy w™ € (G™)™" (L7 (¢")) for all x € T1, r € R™.
(4) For every n €Il and every r¢ € R it holds that

T/, (x(q)) +wS;, < T[T (x(q))+wS; VreR", Vwe[w],_ ,w/]

re

T

P/ —
where wy =wg

= mﬂ.'

Proof. Consider any m € I1. Let R” be indexed withr =1, ..., R", let R". = {r1,...,rL}, and

min

let p7 = L7 (q™). All the properties will be established together by induction.

Initialization.
T T — 1T T T — e — T — _ T
(1) Note that w™ = wo = =Wl and Wi, SWE = =Wl for{=1,...,L—1,and wp =
Wl = =W = w”. Thus, to establish (1), it remains to show that w* <w] <w?  <w”"

for {=1,...,L — 1. Next we show that w™ < w’,Tl. In Algorithm 1, w’fl is determined by (24)
or (26) or (28) or (30). First consider the case in which w7 is determined by (24) or (28).
If w‘l‘flin >w”", then L =1 and w”™ < wy = w”™. Otherwise, wy = w‘lnin <w", St > S7,, and

T7 (x(q)) +wi ST =T/ (x(q)) + wy S7,. Suppose that w™ > w7 . Then

(SE—SE)w™ > (S5 -Sh)wh = TA(x(q)-TE(x(q) = Tr(x(@)+w'SE > TE(x(q)+w"SF,

2 1 2

which contradicts (23). Thus w" < wi| < wrLIf wy, is determined by (26) or (30), then it follows

immediately that w™ < w] <w".
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(2) We will show that for any r € R” \ R". it holds that g7 = 0. First consider any r < ry. Then
Sy > 87, and it follows from (23) that 7" (x(q)) + w"ST > T (x(q)) + w"S7,. Suppose that

1
g7 > 0. Then for all " > r it holds that p”, > g7 > 0, and thus any W € (G™)™! (p™) satisfies

.

w > w”". Consider the directional derivative of Y at ¢ in the feasible direction e; — e7:

R™—1
max{ D™ T (x(q)) + Z (S7, = ST, ) W + A" =y,
r'=rq
R™—1
N N -1 N -1
| DTG @) + Y (ST = SE ) AR [+ 47| s 8T e (6T (pF) W, e (G (pE, ).
r'=r

ﬂi‘r] Z O’ M;’TI qf] :O}

ri—1
- max{Dﬂ Tr’€<x(q>)—T:f<x(q>)—Z<S’:,—S:i+1>fvf’] FWEE (G (pF) i (6T (”fl—l)}
ri—1
< D" T,’Z(X(q))—Tr”(X(q))—Z(Sff—S%)mﬂ

r'=r

= DT (x(9) - T (x(@) + (ST - S7) w"] < O

which contradicts the optimality of g. Thus for all r < rq, it holds that g7 = 0.

(3) Note that pT =0 and w = w” € (G™)™' (0), and thus w’ € (G™)"' (pg). By Algorithm 1,
wi =w” for all r < ry. It was established in (2) above that g7 =0 for all » < ry, and thus
pF=0and w" € (G™)! (pT) forall r <ry. Also, p’lgn =1and w’;én =w" € (G™) ' (1), and thus
wgn e (G™)! (pgﬂ).

Next we show by contradiction that w}, € (G™)~! (pF.). For each r € {0} U R™, if p~ € (0, 1)
then let (G™)™' (p¥) = [w”,wr], if p¥ =0 then let (G™)™! (p¥) = (—co,w}], and if p7 =1 then
let (G™)™! (pF) = [wF, e0).

Case 1: Suppose that wi, <wT .

Note that wi, < w7 implies that G (wy|) < py,. Also, it follows from ¢y =0 for all r <r; and

py, > 0that g7 > 0. In Algorithm 1, wy, is determined by (24) or (26) or (28) or (30). It follows

from wii < w7 that wi is not determined by (26). Also, it follows from wy <w < w” that

wy, is not determined by (30). Thus w7, is determined by (24) or (28). In both cases, S7, > S7.

ra?

and wi =wj, forallr € {ry,...,r, = 1}. It follows from wj <w7 <W" that
i T7 (x —-T7 (x N TF (x -Tr (x
wy = wih = min{ il (?3_5;( (9) :Sf1>Sf,reR”} = i (TIS)”)—S’TI( (4))
" r r r
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= TI((@)+WLSE = TE(x(q)+WST,

1 2

= T/ (x(q)+wS; > T (x(q))+wS, Yw>wy (EC.30)

1 2

It follows from g7, > O thatdirection ey, — ey, is feasible. Next, consider the directional derivative

T

of Y at g in the direction ey, — 7

R™—1
max{ D™ (T (x(q)) + Z (ST = ST ) Wi [+ 27—,
r=ry
R™-1
—| D7 |TE @)+ Y (ST -8 ) AE [+ 27| AT e (G (pE) W € (G (PR, )
r=ri

M;rz Z O’ /’L::rzqu = 0}

ra—1
- max{D" T,z(x(q))—wx(q))—z(Sf—S::l)fvf] W€ (GNP e W € (6T (pfz_l)}
-1
< D TrZ(X(q))—Tr’Z(X(q))—Z(Sf—SfH)mfl]

D™ |77 x(9) ~ T () + (57, — 7)) wr | <

which contradicts the optimality of g.

Case 2: Suppose that w7 > Wy .

Note that w7 > w7 implies that 1 > G™(w},) > p7 . It follows from p7 <1 that {re{rn+
1,...,1?”} D qr >O} + @. Letf::min{r e{r + 1,...,1?”} D qr >O}. It follows that p = p7 ,
and (G™)™! (pF) =(G™) ™" (p}) = [wr W}, ] forall r € {ry,...,F 1},

Case 2.1: S7 =ST.

Then w7, is determined by (26) or (28) or (30). It follows from w? | =w" < wi < Wy <wi
that wy, is not determined by (26). If wy is determined by (28) or (30), then 77 (x(g)) >
Tlmin >T7 (x(q)), and thus T7 (x(q)) + wST > T (x(g)) +wSy, for all w, which contradicts the
optimality of g with g7 > 0.

Case 2.2: 57, > S7.

Then w’,T1 is determined by (24) or (26) or (28). It follows from w’rTl_ | = wr<wh < Wfl < wfl

that wy, is not determined by (26). If wy, is determined by (24) or (28), then
min . {Tr”(X(q)) —T7(x(q))

~ T7(x —T7(x
Wﬂ < Wl = min : S;T >S;T, reﬂﬂ- < r( (q)) r1( (q))
ST _SF 1

Sp ST

r
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“4)

= TI(x(g)+WhST < TZ(x(q))+wh ST

| <
= T (x(q)+wS;, < T7(x(q)+wS; VYw<wy (EC.31)

It follows from q’rf > 0 that direction efl - e’rf is feasible. Next, consider the directional derivative

of Y at g in the direction ey, —e7:

R™-1
max{ D™ |T7 (x(q)) + Z (ST =87 ) Wi |+ A7 =
r=ri
R™-1
N oA -1 A -1
—| D™ |17 (x(q)) + Z (57 =Sz ) wF | +a7 |+ 9T € (G ()0, €GN ()
r=r

l‘t;'rl Z O’ /’t;’rl qgl :O}

max {D”

F—1
T7 (x() = TF (x(@) + Y (S} = SF 1) W] ] W e (G (ph)s - WE € (G TH(PE) }

r=ri

Dﬂ

71
T] (x(q) =T (x(q)) + Z (7= S%1) W;Tl]

r=ri

D™ [17 (x(q)) ~ TF (x(q)) + (57, ~ s7)wy, ] <

which contradicts the optimality of g.

It follows from (23) that
7 (x(q) +w™Sf, < TI(x(q)+w'Sf  VreR"
Thus, for any w > w™ and any r < ry it holds that ST > Sfl, and hence

(23)
(ST=St)w > (SF—-S7)w™ = T[(x(q)+wS; = T (x(q)+wS; (EC.32)

In Algorithm 1, w7 is determined by (24) or (26) or (28) or (30).

Case 1: w{, is determined by (24) or (28):

Then, for any w < wrfrlin and any r > ry it holds that either ST = §7, and T (x(q)) > T (x(q)),
or §7, > ST and

< min < T (x(q)) =T} (x(q))
S;’rl_S;’T

w T (x(g) +wSy, < T7(x(q)) +wS}

(EC.33)
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It follows from (EC.32) and (EC.33) that

T (x(9)) +wS}, < TT(x(@)+wS]  VreR", Ywe[wy,wilc[w,wi™]

Case 2: wy is determined by (26):
Case 2.1: g7, = 0: It was established above that g7 =0 for all r < ry, and thus p7 =0 and
wl = w™=max {w? ,min{w e (G*)~' (p7 )} }. It follows from (23) that

ro?

T (x(q)) +wSy < TT(x(q))+wS} VreR™, Vwe [wy,wy]=[w"w"]

> ro?

Case 2.2: g7, > 0: For any r € R7, if ST =87, then T (x(q)) > T (x(g)) and thus 77 (x(q)) +
wST > T7 (x(g)) +wST. for all w. Suppose that w* =min {w € (G")™' (pJ )} > w”™ and there

r = -r

is 7 > ry such that ST < ST and T (x(q)) + wy ST, > TT(x(q)) + wy, S%. Then consider the

directional derivative of Y at g in the feasible direction e} — ey :

R™-1
max{ D™ |TF(x(q)) + Y (ST =S, ) WF|+4™ = uf
R™-1
| D7 | T @)+ Y (ST = ST ) AE 47| W e (6T (pF) W € (G (PR, )
r=ri

#; =0, ﬂ?q?=0}

F—1
= maX{D" T;f(x(q))—T;g(x(q))—Z(s;f—s;;l)w;f] Wr e (G (pr) ... W e(GT)! (p;f_l)}

r=ry

< D"

-1
T7(x(q)) ~T7 (x(9)) = Y. (57~ S7,,) wiﬁ]

r=ri

= D" [T7 (x(q)) = T/ (x(@) +wf, (ST =S7)] < 0

which contradicts the optimality of ¢. (The first inequality follows from wy =

min {w € (G*)~' (p7)}.) Thus, for all r € R™ such that r > r; it holds that

T (x(q) +wi S5 < T (x(q) +wy ST
= T (x(q)) +wS;, < T (x(q))+wS; Vw<wy (EC.34)

It follows from (EC.32) and (EC.34) that

T (x(q) +wSy < T7(x(q)) +wS] VreR", Vwe[wy,wy]
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Case 3: w7, is determined by (30).
Then ST > ST forall r € R”, and thus it follows from (EC.32) that

T (x(q@) +wSy < T7(x(q)) +wSy VreR™, Vwe [wy,wi]C[w", o)

ro?

Induction.
Suppose that the following induction hypothesis holds for some £ € {1,...,L —1}:
(1) The thresholds w satisfy w™ =wj <--- <wj,  <w] <w".
(2) For every r € R™\ R” . such that < ry, it holds that g% = 0.
(3) For every r € R™ such that r < r, it holds that w7 € (G™)™! (p~).
(4) For every ¢’ € {1,...,¢}, it holds that 77, (x(q)) + wS?, <T7(x(q)) +wS7 for all r € R™ and

Fer Yer —
w? 1.

T
allwe[w], ,wi,

The initialization step above established that the hypothesis holds for £ = 1. Next we show how the

hypothesis extends to £+ 1.

(1) If wy, is determined by (30) in Algorithm 1, then £ = L. If w{, is determined by (24) or (28),
and w?‘i“ >Ww", then £ = L. Otherwise, w, is determined by (24) or (28), and w}, = w‘gﬁ“ <w",

or wy, is determined by (26). In all of these cases, it holds that

T7 (x(q) +wy, Sy, = T, (x(q) +w7,S;, (EC.35)

re+l

Also, wy,  is determined by (24) or (26) or (28) or (30) or (31).
Case 1: wi,  is determined by (24) or (28):

min { 57 — Fis T 357 ; T _,,Mmn 57T Qn b
If wil>w", then L={+1and w;, <wj, =w". Otherwise, wy, =wp} <w", S} >S7 .

and 77, (x(q))+wy, S;,. =17 (x(q))+wy, S; . Suppose that wy, >wy . Then

re+1 Fe+1 7 Te+1 re42 Tesl " Te42° re+1

(SF = SE) Wi > (S5, = SEL) Wi, = T,(x(@) - T7, (x(9))

re+l re+2 re+l re+2 res2

(EC.35)
= Tre)+wysy 7 T,

(@) +wr, Sy, > T, (x(@) + WSy,

re+l res2

which contradicts the induction hypothesis (4). Thus w?, <wJ, <Ww".

Case 2: wy,  is determined by (26):

Then it follows immediately that w}, <w7,  <w”".
+1

Case 3: wy,  is determined by (30) or (31):

Then wy, =Ww", and thus w}, < w}

T T
re SWrey =W, =W
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(2) Suppose that there is a r € R” \R". such that rp <7 <7y and g > 0. In Algorithm 1, w7,
is determined by (24) or (26) or (28) or (30). If wfg is determined by (30), then £ = L. The
remaining cases are considered next.

Case 1: w{, is determined by (24), or by (28) and S7, > S7.
If w?ﬁ“ >w”", then £ = L. Otherwise, wr =wy min < 357 and

min _ Lea (@) T (x(q)) - T (x(g)) ~ Ty, (x(q))

Ve
w = W =
oo 7= St S, =S

= T, (x(q)+w.Sy, = T; (x(q)+wS;,., < T (x(q)+wy,S;

re+l

It follows from the induction hypothesis that wy, € (G™)! (pT [). Also, note that if g7 > 0 then
pl, < pf < p? forall /' > r. Thus wf, < w7 for all W/, € (G™)™' (p%), and all #* > r. Consider

the directional derivative of Y at g in the feasible direction ey,  —e7:

R™-1
max{ D™ |T7 (x(q))+ Z (ST ST ) Wi |+ A" =l

r'=res
R™-1
(D7 |TF @) + Y (ST =SE ) RE [+ 27| W e (G (7)o, e (G (PR )

r'=r

'u;rml 20, /J;Tmlq;rml = 0}

req1—1
_ max{m Tr (x(g) ~TF(x(g) — > (S5 —5%,,) w7 ] R COR A P
e @7 (v, ) }
res1—1
< D|TZ, (x(q)) -TF (x(g) = > (S5 =S5, wr

D™ 17, (x(q)) = T7 (x(q) + (ST, = S7)wr,] < O

which contradicts the optimality of g.
Case 2: w], is determined by (26), or by (28) and S}, = S7.
Then T} (x(q)) < T/ (x(q)) and S7, = ST, = ST for all ¥’ =r¢,...,r. Consider the directional

.

derivative of Y at ¢ in the feasible dlrection er, —er:

R™-1
max{ D™ |TZ (x(q)) + Z (87 — 87, ) WE [+ — X

_r(
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R™-1
o 2 L ETO P S Y R B e (el ) IO S (e il V2 S B
lu:’r(z Z O’ lu:’T(q;’T[ :O}
r—1
= maX{D” T (x(q)) - T”(x(q))+Z( —ST ) WE| W e (GT)T (pr) L. W e (G (pf_l)}
r’ =r¢

T (@) ~ T (x(q)] < 0

which contradicts the optimality of g.

(3) By the induction hypothesis, w? € (G™)~' (pr). By Algorithm 1, w® = w7 for all r =
res ... rer1 — 1. It was established in (2) above that g7 =0 for all r € {re+1,...,rp — 1},
and thus pf = p7 and wf € (G™)~ (pF) for all r € {rp +1,...,7r¢41 — 1}. Next we show by
contradiction that w* € (G™)™" (pT. ).

Case 1: Suppose that wy, < ww+l

Note that wi, < w7 implies that G"(wy,,,) < py,, . It was established in (1) above that

T T
1= ISW}’()H—IS r€l<wr(1thatpr[| 1 pré’+l’

is determined by (24) or (26) or (28) or (30) or (31). It

7T = e e e T 7r
wy, = Wi SW wy,, - It follows fromw

that is, g7, > 0. In Algorithm 1, wi

follows from wii, | <w that wi  is notdetermined by (26). Also, it follows from wf, <

w” ™ that w” _ is not determined by (30) or (31). Thus wy,., 1s determined by (24)

—T e+ resl

or (28). In both cases, S7, > S7, , and wi =wy, forall r € {rg+1, ... resp — 1} It follows

from wfi,  <wl < w" that

x min 0 {T"(x(q)) re (X(9)) 17, (x(q)) =T7, (x(q))

Wrm = W =

ST >ST re 7%"}

re+
S;"T{’H - S ! S;rm S;Tmz
= r(’ I(X(Q)) + WV{’+1 S:’T£’+1 = V( Z(X(Q)) + wr€+l S;T€+2
= T]7 (x(@)+wS;,, > T] (x(q)+wS;,, Yw>w] (EC.36)
It follows from g7, > O that direction ey, A —e7,  is feasible. Next, consider the directional
derivative of Y at g in the direction e}, | —e7, :

R™—1
max{ DR |TE (@) + Y, (S5 =ST) WF [ 407 = u,

r=re+2
R™-1
—| D7 |TE @)+ Y (ST =S RE AT AT e (6N (pF) W, € (G (PR, ).

I=res+l
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'u;r(uz 2 O’ //rrmzq;rrmz = 0}

resa—1

T (@) = TE, (@) = ) (S S:w]: W€ (G ()

r=re+l

= max {D”

e (p:m_])}

Dﬂ'

IA

resa—1
T7,(x() = TL, (x(a) = ), (S} Sf+1)—re+1]

r=re+1
(EC.36)
= D™ [T;; 2()C(C[)) r,+1 (x(q)) + ( res2 S:’rhl) —r(’+l:| <

which contradicts the optimality of g.

Case 2: Suppose that wi,_ >wy .

Note that wy,  >wy,  implies that 1 > G™(w}, ) > p7, . It follows from p7, <1 that {re

{resi+1,...,R™}: qr >0}¢®.Letrv::min{r€{rg+1+l ...,R™}: q’,T>O}.Itfollowsthat

-1 -1 —r v
pr =py,,,,and (G™) (p¥) =(G™) (P’rrm) = [mf[ y Jwy, ] forallre{rey,...,.F=-1}
Case 2.1: 57, =S7.

re+l

Thenwy,  isdetermined by (26) or (28) or (30). It follows from w 4= W’,TM_I <w;, o <WrL
that wy,  is not determined by (26). If w7, is determined by (28) or (30), then T (x(q)) =
T{fﬂ“ 17, (x(q)), and thus T (x(q)) +wST > T7 (x(q))+wS7,  forall w, which contradicts
the optimality of g with g7 > 0.

Case 2.2: §7, > S7.

Thenwy, | is determined by (24) or (26) or (28). It follows from wfm_l < me_l < W’,; C<wr

that w”  is not determined by (26). If w’

re+l

is determined by (24) or (28), then

Te+l

i _[T7(x(q)) =T, (x(q)) 5 17 (x(q)) =17, (x(q))
W:’T€+1 S W?-li-rll = mln{ S77T€+1 Srlr S:’T€+1 S:’ra re Rﬂ} S SZH _ S,%
= 7‘[ 1 (X(Q)) + Wrg+1 S:'th.] S T” (X(Q)) + Wrg+1 Sﬂ
= T, (x(@)+wS;, < Ti(x(q)+wS; Yw<wy (EC.37)

It follows from q’f > 0 that direction efm - e’; is feasible. Next, consider the directional

derivative of Y at g in the direction ey, —e7:

R™-1
maX{ D |T%, (x(@)+ D (ST = ST ) Wy |+ 47 =4,

Ir=resl
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R™—1
—| D7 |TEC (@) + Y (SE=SE) W [ +47 | 1 0T e (6T (pT) %, € (G (P ),
r=r
lu;rul 20, ﬂ:’Té’Hqi’T[H :0}
-1
= max{D" TE (x(g) ~TF(x(g) + . (ST—SF, ) wr ] L €GP
r=re+
Wiy € (67 (py) }
-1
= D" T}, (x(@) = TF (x(q) + ) (ST =S7,) W],
r=resl

[ re+l (x(q)) - TH(X(Q))‘F( resl _Sn)_;rfn] (E%”)

which contradicts the optimality of g.
(4) We show that the following inequalities hold, which implies the induction hypothesis for ¢ + 1:

T7, (x(@)+wS7, < TT(x(q)) +wS; VreR st S*> 8"

res1?

Vw<w:  (EC.39)

re+l

Yw>wy, (EC.38)

T7. (x(@)+wSy, < TT(x(q)) +wSy VreR st ST < ST

res1?

In Algorithm 1, if wy, is determined by (24) or (28), and wm1r1 w”, or wy, is determined
by (30), then £ = L. Otherw1se, wy, is determined by (24) or (28), and w?ﬂn <w", or wy, is

determined by (26). In all these cases, wy, = w}“i“ <w”" and
7, (x(g)) +wr ST, = T7 (x(q) +w, ST,
It follows from the hypothesis that
TR (x(q))+w],Sh < TF(x(q)+wiSf  VreR™
Thus

TE (x(q)+wl ST < TF(x(q)+wriST  VreR"

IA

T (x(q))+wS? VreR st ST >5" Vw>wr,

r = ~resq?

= T, (x(q)+wS;,

Thus, (EC.38) holds for £+ 1. Next we show that (EC.39) holds for £ + 1.
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Case 1: w7,  is determined by (24) or (23).
Then

. T (x
Wi < i m{ ((q)z 17, (x(q)
SV{’+1

ST > ST reﬁ”}

_ S7r re+1

=TI (x(q))+w] ST < TF(x(q)+w}, Sf  VreR'stS; >SF

re+l re+l

= 17, (x(q@)+wSy, < TT(x(q))+wS; VrieR st. ST<ST  Vw<w!

Tes1? re+l

and thus (EC.39) holds for € + 1.

Case 2: wy,  is determined by (26).

Case 2.1: ¢;,  =0.

It was established in (2) above that g7 =0 for ry <r <reyy. Thus py = p7, . It follows from

the hypothesis that w}, € (G™™! (p7.), and thus
wl = max {wf[, min {w e (G™™! (p’rrm)}} = max {w’f[, min {w e (G™™! (pf[)}} = wy,
It also follows from the hypothesis that

TR, (@) +WESE, = TE(x(q) 4wl ST < TH(x(q)+wiST  VreRs
= T (@) +w S5 < TR(q) +w, ST VreR”

re«1 7 Tresl — re«1-r

= T, (x(@)+wSp,, < T7(x(q)+wS; VrieR st. S <S™ . Vw<w’

res1? re+l

Thus, (EC.39) holds for € + 1.

Case 2.2: g;, > 0.

We will show by contradiction that (EC.39) holds for £ + 1. First, suppose there is an 7 € R”
such that ST < 87, and 77 (x(q)) +w}, S, >T7(x(q))+wy, ST.Thus? > re. It follows

from the hypothesis that w™, € (G™)~' (p% ). Also, g%, > 0 implies that p% > p7 , and thus

w? <min{w € (G™)~" (p~ )}. Hence

Wy, = max {wft,, min {w e (G™! (pfm)}} = min {w e (G™)! (pfm)} < min {w e (G™™! (pf)}
(EC.40)
for all r € R”™ such that r > r¢,;. Then consider the directional derivative of Y at q in the feasible

direction e — ey,

R™-1
max{ D™ |TF(x(q)) + Y (ST =S, ) Wi | +47 = uf

r=f
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R™—1
—| D7 |TE @)+ Y (ST =S ) AT+ aT | wT e (6T (pF) W, € (G (pE, ).

r=re+1

u7 =0, u?q’rf=0}

-1
= max {D" T (x(q) =T, (x(q)) - Z (SF-S7,) W’:] D Wy, € (G™7! (p7.)s--
r=res+l
L € (G () }
(EC40) n n n < s Vi3 n
< DT () =T, (x(@) = Y (ST=ST,)wh,
r=re+]

= D" [T7(x(9) - T}, (x(9) +W],, (SF=SF,,)] < O
which contradicts the optimality of g. Thus, for all » € R™ such that S7 < S7,,, it holds that

17, (@) +WF, ST, < TE(e(q) + W], ST

Te+1 7 Te+l res1°1

= T, (x(g)+wS;, < TT(x(q)+wSy  Vw<wy

re+l — T Te+

Thus, (EC.39) holds for £+ 1.
Case 3: w is determined by (30).

re+l

Then {r eR™ - Sfm > Sf} = @, and thus (EC.39) holds for £+ 1.

Thus the hypothesis has been established. It remains to verify that (2) and (3) hold for r > ry.

(2) InAlgorithm 1, when{ =L, w‘fi“ and wy are determined by (24) or (28) or (30), and erni“ >w.
Consider any r > r7 and suppose that gy > 0. Then for any 7’ < r it holds that p7, < 1, and thus
any W € (G™)™! (p™) satisfies W < w".

Case 1: wy, 18 determined by (24) or (28) and S7, > S7.

Then
o , . (Th(x(q) —T7, (x(q)) , A 7 (x(q)) - T7, (x(q))
who< wi'™ = mln{ ST _S:’;, LSy, >ShLr GR”} < ST _S;LT

= T (x(q)+W"S], < T (x(q))+w"S; (EC41)

Next, consider the directional derivative of Y at g in the feasible direction ey, —e7:

R™-1
max { D™ |T] (x(q)) + Z (S5, =S, )W | +A7 — My,

r'=rr,
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R™—1
b T s T A Tl . AT =1 (. 7 AT -1 bl
—| D™ T (x(q)) + Z (ST, = ST )wh|+A7 | w] e (GT) (pl),...,wﬁ”_1 € (G™) (plé"—l)’
lu:’rL Z O’ M:’TLq;rL :O}
r—1
= max {D” T (x(q)) - T (x(q)) + Z (s;f,—s;f,+1)w;f,] cWE e (GM) (ph) ... oW e(GT)! (pf_l)}
r'=rp
r—1
< D777 (x(9) ~TF(x(q) + Y| (Sf/—S;iH)W”]

= D" [T,”L(x(Q)) —T7 (x(q)) + (S}, —Sf)W”] (EC<.41)

which contradicts the optimality of g.
Case 2: wy, is determined by (28) and S7, = ST, or by (30).

Then T (x(q)) <T[(x(q)) and S}, =S7, =87 forall ¥’ =rp,...,r. Next, consider the direc-

L

tional derivative of Y at g in the feasible direction ey, — e7:

R™-1
max{ D™ T (x(q)) + Z (ST = ST, ) Wi | + A" =l
r'=rr,
R7—1
. oA 1 . -1
| D7 (T @@+ D (S5 = ST, )W [+27 | 2 T e (GP)T (pT)... . 0E, | € (GT) (pg,,_l),
r'=r

l‘t;'rL Z O’ Iu:’TLq:‘rL = O}

r—1

T7 (6(@) = TF(x() + D, (SE=SEy) W5 | 2 ], € (G (p],) oWy € (G (p]) }

r'=rp

= max {D”

D™ [T}, (x(9)) = T] (x(¢))] < 0

which contradicts the optimality of g. Thus if » > r, then g =0.

(3) It was established by induction that w* € (G™)™' (pZ ). By Algorithm 1, w¥ = w7 =Ww" for
all r > rp. It was established in (2) above that gy =0 for all » > ry, and thus py = p7 =1 and
wT € (G™)™ (pF) forall r > ry.

O
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Lemma 9 Assume that t, : Ry — Ry is continuous for all a € A. Consider any optimal solution

q for problem (18), and the resulting output w and R". ={ry,...,rp} of Algorithm I. Let R™ be

indexed withr =1,...,R", and let

7= DT |T7 (x(q)) + W (s’:L—S’Ig,,)] Vrell

L
Then (g, A,w) satisfies the optimality conditions (21)—(22).

Proof. Consider any € I1. Let p; = L7 (q”). Consider any successive pair r¢,r¢p € R, . If

Ve

wy,

is determined by (30) in Algorithm 1, then ¢ = L, and thus this case does not apply here.

Similarly, if w? , is determined by (24) or (28), and w?‘i“ >w”", then £ = L, and thus these cases also

do not apply here. Otherwise, wy, is determined by (24) or (28), and w7, = w}njn <w”, or wy, is
determined by (26). In all of these cases it holds that

17 (x(q) +wy, Sy, = T, (x(q)) +wy,S;, (EC.42)

re+l

that is, wy, is a boundary or indifference point between the interval [wf{_l, wy, ] where r¢ has least

bicriteria cost and the interval [w” ,w” | where ry,q has least bicriteria cost.

re? resl
Also, note that wi = w7, forall r € {r¢,...,ree1 — 1}, and thus
res1—1 res1—1
D (SE=Stwr = XL (ST=SL)wh = (SL-SEL) W], (EC43)
r=re¢ r=re¢
Similarly, wi =w} =w" forall r € {r,..., R™}, and thus
R™-1 R™—1
D(ST-SE)wE = Y (SE-Sn)E = (S - Sh )W (EC.44)
r=rrp, r=rrp,
Case 1: r e R™.

min’

Let r =ry for some € € {1,...,L}. Then

D™ |T"(x(q)) + > (7, =87, ) wh |+

{r’ERé’r :rﬁr’,r’+leﬁ”}

(34),(EC.4:3),(EC.44) DT

L-1
TR (@) + ) (S5, = ST, ) wh, + (87, - S5, ) 7
=t

L-1

= D"y [TZZ, (x(q)) =17, (x() + (Sff’ B S;r'f’“) e
=t

EC.42
] BC42)

- D7 |77 (x(g)) + 7" (57, - 5%, )|
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Thus conditions (21)—(22) hold for all r e R7. .
Case2: r ¢ R . .

It follows from Lemma 8(2) that ¢ =0, and thus condition (21) holds. Next we show that condi-
tion (22) also holds.

Case2.1:r<ry.

Then either r < rq, or there is a successive pair r¢,rps] € RI’; in such that rp <r <rppq. If r <rq,

then £ =0 and w7, =wy = w" for all re{r,....,ri—1},and if rp <7 <rpy, then w7, = wy, for all

r'e{r,...,res1 —1}. Then

D™ |T"(x(q)) + Z (s7, = 8%, ) wh |+
{r’Eﬁ” :rjr’,r’+le?§”}
res1—1
(EC.43),(EC.44) _
AP 18 el 9 (SE= ST+ O (85, =55, wE (55, - 57 ]
r'=r '=(+1

=D |17 (x(q)) + 7" (87, - 5%, )|

= D" |T7(x(q) = TE, (+(9) + T, (x(9)) = 7 (x(q)) + (ST = ST, ) W, + Z (57, - W)w;;,]
=(+1
L-1
= D" [T7(x(q) =T, (x(@) + (ST =T, ) Wi |+ D7 3 |17 (x(@) =77, (x(@)) + (ST, =7, ) wE, |
'=0+1

(EC.42)
= Dﬂ [Tﬂ (‘x(q)) r[+1 ('x(q)) + (Sﬂ S:‘r[_H) []
Case 2.1.0: r < ry.
Then ¢ =0 and w, =w”. Thus
T Ve v 71' T v T T Ve (23)

T (x(q) =T}, (x(q) + (ST = ST, ) wr, = TF(x(q) =T/ (x(g)+(S;=S7)w" = 0
Case2.1.1:ry<r<ry.
Then there is a successive pair rg, ¢4 € Rr’;in such that rp <r <rp.q.

Case 2.1.1.1: w{, is determined by (24) or (28) and S7, > S7.

Then
WT = i 17, (x(q)) =T (x(q)) g 7 (x(q) - T7 (x(q))
! Sﬂ S;rh-l S;TK_S;T
= rgl(x(q))-l_wr[» res+l < T;T(x(q))-i_w;rgsﬂ

= D'[T7(x(9)~T, (x(9) + (ST =S, ) wi,] > 0
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(The strict inequality holds because rg1 is chosen in (25) and (29) as the smallest minimizer.)
Case 2.1.1.2: wy, is determined by (28) and S7, = S7.
Then 77 (x(q)) < T7(x(g)). Thus

4

D™ [T7(x(9)) = T, (x(q)) + (S7 = S5, ) wF ]
= D" [T7 (x(g)) ~ T3 (x(9)) + T (x(q)) = T7, (x(q)) + (ST, = %, ) wF, ]

(EC42) on |77 (x(q)) -TE(x(q))] > O

Case 2.1.1.3: wy, is determined by (26).
Then §7, =87 =87, and T7 (x(q)) =T (x(q)) <T7(x(q)), and thus

D™ [T (x(q) = T7,,, (x(@) + (ST = ST, ) wr, | = D™ [I7(x(¢)) =T}, (x(q))] > 0O

Therefore condition (22) holds for all » < ry.

Case2.2:r>rp.

Then
D™ T (x(q)) + > (S% = 8%, ) wh | +.47
{rreR7 . r<r r'+1eR7}
R™—1
= D" |T7(x(q)) + Z (S5, -8, )w"|-D" [Tr”L(x(q))+W" (S;TL—Sgn)]

= D" [T7(x(q)) =T}, (x(q)) + (ST = ST, ) W"]

Case 2.2.1: wy, is determined by (24) or (28) and S7, > ST.

Then
_ ; . [T7(x(q) = T7, (x(q)) T (x(q)) - T}, (x(q))
WfL = W' < Wann = mm{ SfL—Sf, :S;TL>S;T,} < S;TL_S;LT
= T (x(@)+w'Sy, < TT(x(q)+W"S]

= DT (x(q) - T/ (x(9)) + (SF = S7,) W] > 0

Case 2.2.2: wy is determined by (28) and S7, = S7.
Then 77 (x(g)) <T7(x(q)). Thus

L

D™ [T7(x(q)) — T}, (x(q)) + (SF = ST, ) w"| = D™ [TT(x(q)) - T}, (x(¢q))] > O
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Case 2.2.3: wy, is determined by (26).
Then ry 41 set in (27) would satisfy rp4; >rp and rp4g € Rr’;in, which cannot hold, and thus w{, is
not determined by (26).
Case 2.2.4: w7 is determined by (30).
Then S§7, =S = Szﬂ and T (x(q)) > T7 (x(g)). Thus
D7

7 (x() = T}, (x(9)) + (ST = 7, ) W™ | = D™ [T (x(¢)) =T}, (x(q))] > 0

Therefore conditions (21)—(22) hold for all r € R™. O

Lemma 10 Assume that t, : R, — R, is continuous for all a € A. For each m €11, let R™ denote
the complete path set and let R c R™. Consider any optimal solution § for problem (18) with
path sets R”, n € IL. Let W = (W’,T,Jr ell,r e {0} Uﬁ”) and ﬁr’;m ={F1,...,7;} denote the output
of Algorithm 1 with input R™ and §.

Let g* = (¢7*,m € I1,r € R™) be as follows: For eachr € R™ let qr* =47, and for eachr € R™ \ R™
let g7* =0. Then x(q*) =x(q).

Let w* = (W, n € Il,r € {0} UR") and R ={r},...,r}.} denote the output of Algorithm 1
with input R™ and q*. Let R™ be indexed withr =1,...,R”", and let

7 = _D7 [T;z (x(q") + 7" (s;z —S;,,)] Vrell
L* L*

For each nt € 11, let R™ denote an optimal set of paths for the parametric shortest path problem
(over the complete path set R™) with arc costs t4(x4(§)) and s,. Suppose that R™ c R™ for each

nm €I1. Then it holds that (q*, A", w") satisfies the optimality conditions for the complete path set:

R™-1
qr” {D” T (x(q")) + Z (ST, =87, )wi +/l"*} =0 Vrell, VreR”
r'=r
R™-1
D™ |TF(x(g))+ ). (SE=SE, )wi|+4™ 2 0 Vrell,VreR"
r'=r

Proof. It is easy to check that x(g*) = x(q).

Consider any x € I1. It follows from Lemma 8(4) that for each £ € {1, .. .,ﬁ} it holds that
Tf’; (x(g))+ wS’rf€ <T7(x(§)) +wST forall r e R* c R and all w € [W?g,l , erg]- Next we show that
this inequality holds for the complete set of paths r € R™. Suppose that for some £ € {1,...,L} and

some wt € [W;f[_l , W’;[] there is an r € R™ \ R™ such that 77 (x(g*)) + w*S* < Tf’; (x(g%)) + w+S;I[.
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Let r* € R™ denote the shortest path produced by the parametric shortest path algorithm when the
arc costs are ¢, (W, x4(q")) =14(xa(g*)) +w*s,. Then r* € R™ \ R™, which contradicts R™ c R”.

Thus

TZ (x(q") +wSE < TF(x(g")+wSF  VreR™, Vwe[wr

re—

W] (EC.45)

Let 7 = r; =0, and note that wj = wj™ = w”. Note that R™ C R™ does not imply that all efficient

paths are in R”, because there may be efficient paths r; €R\ R” (and thus g = 0). Next we show
l

that R”

_C R™  and that for each 7, € R™. , Algorithm 1 produces the same interval [W? , W7 ]
min min min Fr-1

fe
whether the input is R”™ and § or R”™ and ¢*. Thereafter the proof can proceed similarly to the proof
of Lemma 9. Specifically, next we show by induction on £ € {1,..., L} that

(1) there are indices €*(1) < --- < £*(L) such that for each £ € {1,..., L} it holds that 7, = r;;(f),

and
(2) foreach £ €{l1,...,L} it holds that wE_ =wr

-1 Tex(0)-1

It follows from R™ c R™, (23), and (EC.45) that
Tr’} (x(g")+ m”S’r} = T (x(q") +w"S% (EC.46)

and thus ry < 7y. If r{ =7y, then claim (1) of the hypothesis holds for £ =1 with *(1) = 1. Also,

AT
we,
ro

Sfl* > S:Il. Let £ :=max{¢e{l,...,L*} : r;, <#1}. Then it follows from Lemma 8(2) that ¢ = 0 for
all r € R” such that r < 7, and thus ¢7* =0 for all » € R™ such that » < 7, and Lf; (™) =0 for all
te{l,...,t}. Also, S’:T > S;’; > S,’Il.

Case A.1: ST, =S7..

Then it f0110\1zvs fr()[m r, €R™and SfT = S’rT; for all £ €{1,...,¢} that Tr’% (x(¢g")) = Tr”; (x(g)) for
all £ € {1,...,¢}. Then, in Algorithm 1, wf;* is determined by (26) for all £ € {1,...,¢{ —1}. Thus

w’rl* :wg* =w" forall (e {1,...,5— 1}.
t
Case A.1.1: ST.=87.=87.

1 7 8

Then it follows from (EC.46) that T (x(g") =T (x(g")) = T,Z: (x(g*)). Then, in Algorithm 1, w’
1 ¢ 14

=w' = wf** , and hence claim (2) of the hypothesis holds for £ = 1. Otherwise, r} < 71, and thus
0

is determined by (26), w™' =w”™ =w”", and r}
rly rly_] - +1

£=1with £*(1) = £ +1. Also, W’;O =w" =w’, and hence claim (2) of the hypothesis holds for £ =1.
¢
Case A.1.2: §7. =57, > S:Il.
1 ‘
Then, in Algorithm 1, w’ is determined by (24) or (28). Then
¢
. T7(x(¢%) =T (x(q"))
min . 4
w; " = min ST s

14

=71, hence claim (1) of the hypothesis holds for

. T T
: Sr; > S
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@) ) @) T ey
R B -
4 1

14

Suppose that w‘g‘i“ <w”. Then

A T,’E; (x(g") —T](x(q"))

mimn __ +1 4

i ST 5% s
14 i+1

=TT (g +wSE < TI(g)+wSE = TI(x(g)+wST

T

w

which contradicts 77 (x(¢*)) + w” ST, < T (x(gq*)) +w”" Sy for all r € R” from (23). Thus wfgnirl =w",
1 1

and hence
. T (x(q")) - Tr’%(x(q*)) IT(x(q%)) - T,’;E(X(q*))
TE = M — : ST >S8TE =
Wrg Wf min S:.* _ S;f rf r S;(* _ S;{]
¢ I4

and r;;“ = 71. Hence claim (1) of the hypothesis holds for £ = 1 with £*(1) = £+ 1. Also, W’;O =w" =

wiin = wr.’, and hence claim (2) of the hypothesis holds for £ = 1.

4 €
Case A.2: §7. > S7..
1 ‘
Then r; <73 < 7. Let 7 = max {5 e{l,...,l-1}: 5% = S;z}. Thus, §7, = S*. and T (x(q")) =
1 £ 1 4 1
Tr’i (x(g*)) forall £ € {1,... ,{7}, and in Algorithm 1, wff is determined by (26) forall £ =1, ... -1,
4 t
and w" =w’’ =--.=w . Also, in Algorithm 1, w" is determined by (24) or (28). Then
0 /-1 l
. T (x(q")) - T%(X(q*))
min . . T T
w;" = min ST 57 : Sr;>Sr
4
TN TG T TG e,

= w
ST - 87 ST - 8% -
}’i ry r r

1

Suppose that w?‘i“ <w”". Then

T (x(q7) ~T3(x(q)

min _ b8
Wf = Sﬂ*—Sﬂ* < w
rt r
14 {+1
g * T Qon T * TQm T * T Qon
= TL (AL < TRG(g) 4TS = T7(x(q)+ WS,

which contradicts T7 (x(g*)) + w"S™. < T7(x(g*)) + w" Sy for all r € R™ from (23). Thus w’ =
1 1 13

wgﬁn =wTand TT (x(g")+w”"ST. =T (x(q")) +w"S" =T~ (x(q")) + w"S™,. If Z+1<?, then
I+1 I+1 7 4 1 1
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let £ := max {5 e{f+1,...,0}: ST = Sf} Then the argument is repeated by induction, to obtain
+1 4
that w7 =w" and
i-1

T (x(q")+w"S%. = TL(x(q"))+w"S. (EC.47)
4 ’ 1 1
Case A.2.1: S;L > S;& =57,
1 7 n
Then
17 (x(g) +w'st PE T +wrsn FE T (x(g") + w7 ST
1 1 ' bV

= TI(x(q") = T,’;(x(q*))

Thus, in Algorithm 1, wr* is determined by (26), and r;‘;H = 71. Hence claim (1) of the hypoth-
‘
esis holds for £ = 1 with £*(1) = + 1. Also, W' = max {w’:;“_l, min {w e (G™)™! (L’:*(q”*))}} =
max {wf;" , min {w e (G ! (O)}} =w”. Thus W’;O =w" =w’’, and hence claim (2) of the hypoth-
’-1 14

esis holds for £=1.
Case A.2.2: §7. > S§7. > S;fl.
1 ¢
Then, in Algorithm 1, w’ is determined by (24) or (28). Then
¢
, I (x(q") - T (x(g%))
wi™ = min £ DS >8Ty <
‘

4 N -
r; r

T (x(q")) - T7 (x(g"
" (x(q )) Ty (x(q )) (EC.46),(EC.47) W
5.5} =

Suppose that w}“i“ < w) Then

T (x(¢") —T7(x(q"))
wh — {+1 4 < WT(
4 AR -
ry ry
l +1

x (BC4T7)
r -
4

= T,’E;1(96(61*))+MS’§;1 < T,’%(X(q*))+m”5 TE(x(q") + WS

which contradicts 77 (x(g*)) + w” ST, < T (x(g*)) +w”™ Sy for all r € R” from (23). Thus W?ﬁn =w",
1 1

and hence
, 7 (x(q")) —T%(x(q")) T7 (x(q%) - T (x(g7))
TR min _ : 4 . Qnm Vs _ 4
wr; = w; = min 5757 : Sr; >80 = 5 _S;Tl
I 7

and r;ﬂ = 71. Hence claim (1) of the hypothesis holds for £ = 1 with £*(1) = £+ 1. Also, W’;O =w'=

w?‘in =w’’, and hence claim (2) of the hypothesis holds for £=1.

14



ec30 e-companion to Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment

Suppose that the hypothesis holds for € € {1,...,L — 1}. Then

(EC.45)
Tr’;(x(q N +wE ST = T’r (x(q N+wr ST < Tr(x(g)+w% S’: VreR”

Wiea 2 Tevey-1 Ter e
(EC.48)
Also, note that L;I[(cj” ) = L” (q”*) Next we show that 7
determined by (25) or (27) or (29)
Case B.1: 74 is determined by (25) or (29).

K*(€)+1 Fes1. In Algorithm 1, 74 is

Suppose that rf* 041> 7r+1. Then S”;*(())+1 < S’rff+l < Sf( S’; o . Then
T (x(q*))—Tr’i (x(g")) 7 (x(q")) - T” (X(q*))
min  _ £ (£)+1 £+ (0) 1
Ve = ST s ) 5™ 5
Tex(e) Tex(0)+1 Tex(e) Fev
17, (x(9) -T7 (x(4)) o
T _ QT re
e Fesl
= T%*([) I(x(q ))+WWS:;*([)+I < T’% ())(x(q ))+wr()S:r o = T:;(x(q ) +w r{ rg
which contradicts (EC.45).
Case B.2: 7y, is determined by (27).
Then S;I[+1 = S’rf{) = S”;*m and Tr’; 1(x(q)) = Tf’;(x(c})) = Tr’gw (x(¢*)). Then
re{ri, +1,...,R"} : ST = S” # ©. Suppose that there is an 7 € {r** +
£ (0) o0y ¢ (f)
lI,...,R"} such that ST =87  and T/ (x(q")) < T;; 1(x(q )). Then T7(x(q*)) + W <
£4(0)

T (x(g*)) +w ’I which contradicts (EC.45). Thus it follows from R” c R” that
re+l

r[l

min {Tr”(x(q )) : Sf:S:’;* " , redr, ‘o +1,. ,,R”}}:Tf’;H(x(q*)),and

r;*(f)H:min{argmin TF((q) : S7=87, L redrg L. "R”}}} < Fevr Thus 1., <
Feel.

If rt’*(f)+1 = 7'¢+1, then claim (1) of the hypothesis holds for € + 1 with £*(£+ 1) = £*(€) + 1.

Also, w =wi =wk , and hence claim (2) of the hypothesis holds for £ + 1. Otherwise,
Z*(Z) o (L+1)-1 .
’”;*(g)ﬂ < Fe41, and thus S,’f;*(ml > S;T“ Let £ :=max{¢’ € {*({) +1,....,L*} : rj, <Fe}. It

follows from Lemma 8(2) that g7 =0 for all r € R™ such that r € {f¢+ 1, ...,7zs1 — 1}, and thus
L’Z (g™) = L”* (g™) = L’;g(c}”) for all ¢’ € {€*(0),...,¢}. Also, S’r ST =8 > Sff p

5(0) "ere) 1 *
Case C1.S8% =S57.

"oy T 5
Then it follows from r{;*(f) eR™ and ST. =87 forall £’ € {€*({),...,(} that T’Z (x(q*)) =

Tex (o) Tor

T% (x(g")) for all &’ € {€*(0), ..., ¢ /}. Then, in Algorithm 1, w is determined by (26) for all ¢’ €
gl
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{€*(0),...,{~1}. Also, it follows from L™, (¢™)=L". (q™)= L7 (§™) forall £ € {€* (L), ... L0}
I (L)

and induction on ¢’ that

Wi max{ 7, min {we (G™)~ (L’: (q”*))}} = max{ T, min {we (G™)! ( L. (q”*))}}
o o e 0)-1” e o)
= max {w;;_], min {w € (G™)! (L;;(q”))}} Ve et ),....[-1)

Case C.1.1: S’r —S” S7

T px ©) 7 Fevr”
Then 75 (X(q )) = T”(X(q ) < T,’; ,(¥(¢")). Suppose T(x(q")) < T7 (x(¢)). Then
T (x(q )) + T’r (x(q ) + W S’r -~ which contradlcts (EC.45). Thus T (x(g%)) =
o+ (0)
T” (x(q)) = Tr’; 1(x(q )). Then in Algorlthm 1, w”* is determined by (26), and

wi' = max {wfj‘_l, min {w e (G™™! (L’rl(q”*))}} = max {wf* , min {w e (G™)™! (Lf (q”*))}}
; ; *(6)-1 e (0)
max {W’;{il, min {w e (G™)™! (L’rff(cj”))}} = W},

Thus rZ; = fg+1, hence claim (1) of the hypothesis holds for £ + 1 with £*(£+ 1) = ¢+ 1. Also,

W’I =wi =wl , and hence claim (2) of the hypothesis holds for ¢ + 1.
7 Tpx (e+1)— 1
Case C.1.2: §7, =87, >S7
T px () i Fesr”

Then, in Algorithm 1, w 1s determined by (24) or (28). Then

T7 (x(q’ ) ~T7(x(¢")

w?“n = min 5 —S’i : Sff > ST
f
ﬂ' T 7T T *
TRa @) =TE(x(g) T ((q)) =Tz (g 17 (x(¢)) - TZ (x(9)) .
: ST~ ST B S st B -5t -
rg e+l rf*(f) e+l re re+l

Suppose that w?‘i“ < W;’Ig' Then

I (x(g") —T%(x(q*)) e (x(¢")) T (x(¢")) T (x(q) ~ T3 (x(g7)

(- ST, — 7. ST ST - ST - ST,
e e 5 (0) "o "o
Ir @) -TZ@)
ST~ 57 - M
{+1

= T%H(x(q ))+ng r;;] < T;;(x(q*))+ e Z’Tr = T’Z’l(x(q ))+ rf rﬂl

which contradicts (EC.45). Thus wmln = wA and hence

. 17(x(g") =T (x(q")) T (@) =T (x(q"))
T _ min _ : 4 . Qr s —
wr; = w; = min S : Sr; >80 = 5. _S;Tm

4 ¢
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and r;H = ¢4+1. Hence claim (1) of the hypothesis holds for £+ 1 with £*(£+ 1) = {+ 1. Also,

Wi =wii=wl , and hence claim (2) of the hypothesis holds for € + 1.
Ty £ (e+1)—1
Case C.2: 7. > S7.
Ter (o) ’
Thenry, , <r < FPre1. Let € :=max { €' € {€*(¢),...,6 -1} : ST =87 1. Thus, ST. =87, and
*(0) "oy e Ty e
T (x(¢q") = T’i (x(g*)) for all ¢’ € {¢*(C),...,€}. Then, in Algorithm 1, w 7' is determined
(0 b
by (26) for all ¢’ = {’*(5) — 1. Also, it follows from L’r (q”*) L% (™) = L’rf[(cj”) for all
[* ) A

¢ e {€*(¢),...,¢} and induction on ¢’ that

w’:* max{w T 1,mm{we(G”) (L’:;,(q”*))}} = max{ Wi l,min{we(G”)_ (L” (q”*))}}

% (0)- "ex(0)

max {w;f[_l, min {w e (G™)! (L;;(c;”))}} Ve e{ee),. ... F-1)

Also, in Algorithm 1, w” is determined by (24) or (28). Then
‘

_ T7(x(q")) - T (x(q"))
wz' = min ¢ D ST > ST
ST — Sy i
T, @) -Ti(x(q)) Ty, g =Tz (x(q7) 7 (@) -TZ(x(@)
g7 ST _ st T _ QE Fe

" ~ N N N
r[ re+1 r[*(f) re+1 re e+l

IA
Il
Il
Il
<

Suppose that w?‘i“ < W;T,;- Then

T (x(g") - TL(x(q")

wmin - — < wr
7 _
S5 !
= Tr’%](x(q*))+W;f£sz_l < Tr’%(x(q*))+v®’;[Sf; = Tﬂ (x(q ))+Wf[S;r . = Tﬂ(x(q ))+W’;{S:;

which contradicts (EC.45). Thus wr* = w‘;m = W” and T7. (x(q")) + W’;{)S;ﬂ =T7(x(g") +
l+1 +1 ’ ~
WIST = TL (x(g") + WiSL = TI(x(g") + WisSE. If £+ 1 < {, then let 7 :=
¢ £+(6) £(0)

re re re re

max{¢ e{l+1,...,0}: ST, =87 (. Then the argument is repeated by induction, to obtain that

£+l 4
w™* =wT and
r. r(
-1
I (x(q" )07 ST = 7 (x(g")+3b 7 (x(g")+w7 8T TS 1 (x(g7)+w
g +rer_r;* *q +V{”’)_”£’xq tWi, Ok, Fe XY +"(”'(’1

(EC.49)
Case C.2.1: S’r >S5 =57

rs T
[ () ¢ o+1°

It follows from (EC.49) that T” (x(¢")) =TT (x(g")). Thus, in Algorithm 1, w’* is

r <
{+1 i
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determined by (26), and r2§+] = 7¢+1. Hence claim (1) of the hypothesis holds for
¢+ 1 with (€ +1) =€ + 1. Also, wfg = max{w’:;j“_l, min{WE(G”)_l (L’:;(q”*))}} =

max{wf** , min{w € (G™)™! L7 (™) } = max{v?/;f min{we(G’T)_1 (L’rf[(qA”))H = wl

7 b
i1 ¢

where the last equality follows from Lemma 8(3). Thus W = Wr* = wr* , and hence claim (2)
V4 C*(6+1)— l

of the hypothesis holds for £ + 1.
Case C.2.2: ST, > S87.> 87

T px ) r(; Pesl’
Then, in Algorithm 1, w’rr:‘ is determined by (24) or (28). Then
‘
T7(x(q")) =T~ (x(q")) 17 (x(q") - T”( (q"))
whin — min ' ! i i ST > 8TL < r[ i ! (EC49) WwT
4 ST.—S7 R ST - 87 re
¢ ¢ (+1
Suppose that w‘g‘i“ < W}’f{). Then
T% (X(q*))—Tr’%(X(q*))
min _ +1 / AT
Wf - ST §7 < ng
"t T
(EC.49)

= T7 (@) +RES, < TR(g") + WS TZ (x(q*)) + W% S%

Fe=Fe

(EC.45)
= T;;H(X(q ))+ rt’ r[+1
which contradicts (EC.45). Thus wmln = wA and hence
. T7 (x(q" ))—T%(X(q*)) 17, (x(q) - T”(X(q )
Tt min : . T T _
wr; = wi™ = min ST s : Sr; >S8.¢ = A

. ry r
)/ ); {+1

and r’ﬁ [ fg+1. Hence claim (1) of the hypothesis holds for £+ 1 with £*(€+1) = ¢+ 1. Also,

W’;{ =wi=wl , and hence claim (2) of the hypothesis holds for £+ 1. Therefore the hypothesis
7 Tpx (L+1)-1
has been established. In particular, it follows that R” CRT .

Next we show that (g*, ¥, w*) satisfies the optlmahty conditions (36)—(37). Consider any € I1

and any successive pair r; e R . If wi is determined by (24) or (28), then it holds that
4

€+1
S”p > Sﬂ, 1 and
) TR (@) - T(x(g")
W T ST S
[’ é’+l
(Note that if wmln >w" or w” 7" is determined by (30), then there is no r;,, € RT: ) If w. " is

[ min

determined by (26), then S7. =57, and T7.(x(¢")) =T~ (x(¢q")), and thus Tr’i (x(g")) + wa* =
4 {+1 4 +1 14 t
T (x(gq*))+wS?" forall w. Thus, in all cases it holds that
+1 l+1

T (x(g")+wl'ST, = TL (x(g%)+wl'ST (EC.50)
l l l l+1 4 £+1



ec34 e-companion to Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment

Also, note that wi™ = w’rl* forall r € {r;, . 1}, and thus
L
f+1 -1 r;+1_]
D STosn)wE = ) (SE-sTy )W = (ST -Sn JwE (EC.51)
r=ry r=ry
Similarly, wi* = wf* =w" forallr € {rj«,...,R"}, and thus
R7-1 R7-1
SUST-ST )W = Y (S-S, = (Sn*_s;;,,)— (EC.52)
r=ry. r=ry.
Case D.1: r e R™" .
Letr:rZ for some £ € {1,...,L*}. Then
R™-1
D™ T;f(x(q*))+2 (ST — 87, )W ] P
(35),(EC.51),(EC.52 _ =
FODEED prITr(e(g )+ Y (ST, - S, Jwn+(s% S;ﬂ)wﬂ
4 ¢ f’+l {”
= D7 |TZ (x(g")+7" (% - k)|
L* L*
= (EC.50)
=Dy [Tr’il(x(q*))—T” (x(q* ))+(5” s )wffl] =0 ¢
7=t 4 f +1 4

Thus conditions (36)—(37) hold for all r € R™" .
Case D.2: r ¢ R™*

min”®

It follows from Rg} CR™ thatr¢ 72” If r € R™, then it follows from Lemma 8(2) that g7 =0,

min
and thus g™ = 0. If r € R* \ R* then q,* = 0. Thus condition (36) holds. Next we show that
condition (37) also holds.

Case D.2.1: r<rL*

Then either r < r , or there is a successive pair rt,, r€+1 € R;";n such that r <r< r5+1 Ifr < r , then
¢=0and w7 —w *=w”" for all ¥’ € {r,...,r1 — 1}, and 1fr€ <r< rl,ﬂ, then w7* = w” for all
oo o— T

re {r,...,rgJr1 1}. Then

R™-1
D™ TF(x(q"))+ ) (S) =Sk ) wir |+ 4™

r'=r

r;+1—l L*-1

35),(EC.51),(EC.52 * * * —
(GECIDECSD) - hyr T (x(q"))+ Z (S, -S7.1) w’r + Z (S’r - S7 )w’rr +(S;ZL*—S§,,)W”

Toran t
r'=r =0+1
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_pr | * —n(qn _ on
D [Trz*(x(q )+ (Sr;;* SR,I)]

= D7 |TF((g") ~TE (r(g" ) +TE (x(g7) =T (x(g7)+ (7= SE_Jwr+ Z (2., —S"f,ﬂ)w’:;]
=(+1
= D[R -1 e+ (57 - )it |+ 7 ) |7 N -1, e+ (ST, -7, ) vl
'=0+1

(EC.50)
N l

D™ [T (x(q") = TE, (x(g") + (7 -ST, ) w|

Ifr<r thenw* =wr

S =w"and r; , =r;. Then it follows from (23) that
f 0

TF(x(g) =T (e(g")+(ST= 8% Jwe = [TF(xe(g™) +wST| = T2 (xr(g™) +w7SE| > 0
0+1 {+1 l 1 1

Otherwise, if r > r{, then consider the following cases.

Case D.2.1.1: w " 1s determined by (24) or (28) and S” > ST.

Then
, T (x(q*) —TZ(x(g")) T7(x(g") =T (x(g"))
Wﬂ'** — Wmll’l — (+1 L < 4
r; l ST §7 ST S;T
e Tew Te

=TI NAWESL < TR(x(g) + WSS
Ty

=~ D" T,”(x(q*))—Tr’3+l(x(q*))+(S’,T—szﬂ)w”f] > 0

Case D.2.1.2: w " 1s determined by (28) and S” ST
Then Tr’% (x(q* )) <TTF(x(g")). Thus

D7 [17(x(q") = T7 (x(g7)+ (ST - Jw]
= D" [T (x(¢") = T3 (g + T (x(a") =7 (vl + (ST - st Jwr|
(ECS0) r [ % n .
D™ |TF(x(g) = TE(x(g)| > 0
Case D.2.1.3: w * 1s determined by (26).
Then ST, =S} = Sf* and 77 (x(¢")) =T" (x(¢*)) <T7(x(g")), and thus
4 f+1 4 £+1

D™ |TF(x(q")) —T% (x(q"))+ (Sf - S ) w’r”] = D7 [Tr’r(x(q*)) -T% (x(¢"))| > O
{+1 £+1 4 £+1
Therefore condition (37) holds for all r <r7..

Case D.2.2: r > rl’i*

Then
R™—1

TF(x(g))+ ), (SE=Sh) w]

r'=r

D™ + A"
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R™-1
TF(x(g") + ). (S5 =S5) "

r'=r

= D" [17 (g - T (g + (7 -7, )]

@ pr

_D" [T”L (x(q) +7" (sz* - S;n)]

Case D.2.2.1: w”*

is determined by (24) or (28) and S;Z > ST.
L* L*
Then

S T T
ST =S

L

who= wh o< wii" = . S7

T _ QW re,
S5 =S L

, {Tﬂ(x(q*)) ~TZ (x(g) } TF(x(q") ~T% (¥(q")
T T min mlIl L >S:{/ L*
= TE (@) HFSL < T(x(q") + ST

= D717 g ) ~TE (g + (5T - ST )W | > 0

Case D.2.2.2: w7 is determined by (28) and S7, =S7.
L* L*

Then 77 (x(q")) <T7(x(g")). Thus

L*

D™ |17 (e(a™) =T (e + (575 ) 7| = D7 |17 (xa) -T%_(xa)| > 0

Case D.2.2.3: w7 is determined by (26).
L*

%

Thenr;., , setin (27) would satisty r;.,, >r;. and ry.

€ Rr’;*;n, which cannot hold, and thus w’rl
L*
is not determined by (26).
Case D.2.2.4: w7, is determined by (30).
L*

Then S7. =87 =8%, and T (x(q*)) > T” (x(g")). Thus
L* L*

D*|T7(x(g") =T (¥(q") + (87 - 5% ) W”] = D*[TF (g - TE (x| > 0
Therefore conditions (36)—(37) hold for all r € R*. O

EC.4. Supplementary Numerical Data and Results

In this section of the appendix, we provide additional data and numerical results to evaluate the
performance of BTA.
Test networks. Table EC.1 gives summary network data for the benchmark networks used in the

numerical tests.
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Table EC.1 Summary network data for the benchmark networks.

Network Nodes Links Zones OD records Total demand a B
Braess 4 5 1 2 6 015 4
Sioux Falls 24 76 24 576 360,600 0.15 4
Friedrichshain 224 523 23 506 11,205 0.15 4
Berlin Prenzlauerberg 352 749 38 1,406 16,660 0.15 4
Berlin Tiergarten 359 766 26 644 10,755 0.15 4
Berlin Mitte 397 871 36 1,260 11,482 0.15 4
Anaheim 416 914 38 1,406 104,694 0.15 4
Barcelona 930 2,522 97 7,922 184,680 0.15 4
Winnipeg-Asym 948 2,535 135 4,345 1,361,475 0.1 1.5
Berlin M.—P-F. 974 2,184 98 9,505 23,648 0.15 4
Winnipeg 1,040 2,836 135 4,345 64,784 0.15 4
Terrassa-Asym 1,603 3,264 55 2,215 25,225,747 0.1 1.5
Hessen-Asym 4,660 6,674 195 17,213 71,250,600 0.1 1.5
Goldcoast 4783 11,140 1,068 1,140,624 139,256 0.15 4
Chicago Regional 12,979 39,018 1,771 3,136,441 1,360,428 0.15 4
Berlin Center 12,981 28,376 865 49,688 168,222 0.15 4
Philadelphia 13,389 40,003 1,489 1,151,166 18,503,872 0.15 4

BTA subroutine parameters. BTA was used with two solvers for solving problem (18) with
subsets of paths R” in Line 10 of Algorithm 2. The FISTA method of Sujanani and Monteiro (2024)
was used for the smooth instances, and the two-cut adaptive proximal bundle method (Ad-GPB) of
Monteiro and Zhang (2024) was used for the nonsmooth instances. Table EC.2 gives the parameter
settings chosen for these solvers, including the network-specific initializations for Ad-GPB. FISTA
estimates the Lipschitz constant from an initial Lipschitz estimate My with backtracking, using
backtracking factor 5. We use the unknown-optimum variant of Ad-GPB with a two-cut bundle
update; see Monteiro and Zhang (2024) for details.

Numerical results comparing different methods. Table EC.3 compares the computational perfor-
mance of Algorithm BTA and the methods of Daganzo (1983), Dial (1996), Marcotte et al. (1996),
and Xie et al. (2026) on smooth instances i. If method m achieved relative gap y; ,, (t) < &; = 107> for
instance i at some time ¢ < T;, where T; = 3600 seconds for all instances except Goldcoast, Chicago
Regional, and Philadelphia, which used 7; = 21600 seconds, then the table shows the solve time
t;.m (in seconds), otherwise the table shows the final relative gap vy;,,(7;) achieved by method m
in parentheses. Dial saved no feasible solution within the 7; = 21600 second cutoft for Chicago
Regional and Philadelphia, because it did not complete its initial minimum-path assignment. A

summary of these results is given in Table 1 and Figure 6.
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Table EC.3

Table EC.2 Parameter settings for the two solvers.
Solver  Parameter Value
FISTA  Restricted-master tolerance £ 106
Backtracking factor 3 1.25
Initial Lipschitz estimate M 50
Metric fraction (g) coordinates
Lipschitz estimate allowed to decrease
Backtracking acceptance scaled to iterate magnitude
Ad-GPB  Initial tolerance & 1073
Initial acceptance parameter S 1/4
(7,21) (0.5,107%)
Maximum number of affine cuts in the model 2
Both Path pool monotone retention

Outer stopping rule

PSPP solution adds no new path

Computational performance on smooth instances i. The table shows either the solve time ¢#; ,; (in seconds) for

instance 7 if method m achieved relative gap y; (1) < &; = 1073 at some time ¢ < T; (T} = 6h for Goldcoast, Chicago Regional, and

Philadelphia; 7; = 1h otherwise), or otherwise the final relative gap y; » (7;) achieved by method m in parentheses, or “—”

meaning that the method saved no feasible solution within 7;.

Network Daganzo Dial Marcotte—Zhu SBA BTA
Braess (2.38x1071) 0.00678 0.00784 0.00214 <0.001
Sioux Falls 0.473 0.131 0.0597 0.122 0.032
Friedrichshain (2.09%x1072) 2.86 0.457 0.259 0.045
Berlin Prenzlauerberg (1.79 x 1071) 13.7 0.586 2.78 0.168
Berlin Tiergarten (4.41x1071) 2.13 0.0864 0.143 0.040
Berlin Mitte (2.00x 1072) 4.01 0.214 0.470 0.070
Anaheim (2.61x1071) 26.9 2.35 1.16 0.321
Barcelona (24.1) 1750 289 38.3 5.987
Winnipeg-Asym (6.22x1072) 611 161 113 1.275
Berlin M.-P.-F. (3.72x1072) 112 1.91 6.47 1.038
Winnipeg (33.5) 2280 823 88.7 4.673
Terrassa-Asym (3.59x 1071 1030 593 496 9.935
Hessen-Asym (3.59x1072) (1.94x107°) 820 2130 14.657
Goldcoast (112) (4.71) (1.37x107%) (1.01x1072) (1.09x1072)
Chicago Regional (3.28x10%) — (8.67x1071)  (1.85x10% (2.03x107")
Berlin Center (3.44x10%) (1.29x1072) (1.00) (2.60x1073) 25.352
Philadelphia (2.21) — (1.00) (24.7) (5.06x107%)

For each smooth instance i, Figures EC.1-EC.3 show the relative gaps v; ,, (¢) of each of the five

methods m as a function of computation time #, with both axes using a logarithmic scale.
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- - - Daganzo ----- Dial = ------ Marcotte—Zhu
--—- SBA ——BTA

Sioux Falls Anaheim
1 + = 1
_‘.___‘I
|
1072 | | 1072
L.
1074 ‘—,i_ . 104
i .
g 10-6 | | |
3600 1072 1 102 3600

< VL L]
N—"
= B
=
o
< —
on
2 |
= .
- 1
= 1
3600 102 1 102 3600
108
== |
103 - s e et -
1 -
3 Dial:
1077 - no saved solution within 7, |
1076
1 10 102 103 21600

elapsed time ¢ (seconds)

Figure EC.1 For each smooth instances i, the curves show the relative gaps y; ,(¢) of the five methods m as a function of

computation time ¢. The dashed line shows the tolerance &; = 1075, Each curve stops at its first recorded point

with yim () < &, or at T;.
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Figure EC.2  For each smooth instances i, the curves show the relative gaps y; ,, () of the five methods m as a function of

computation time ¢. The dashed line shows the tolerance &; = 1075, Each curve stops at its first recorded point

with yim () < &, or at T;.
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Figure EC.3 For each smooth instances i, the curves show the relative gaps y; ,(¢) of the five methods m as a function of
computation time ¢. The dashed line shows the tolerance &; = 1075, Each curve stops at its first recorded point

with yim () < &, or at T;.
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Table EC.4 compares the computational performance of Algorithm BTA and the method of
Dafermos (1972) on nonsmooth instances i. If method m achieved relative gap y; ,(t) < &; = 1073
for instance i at some time ¢t < 7;, where 7; = 3600 seconds for all instances except Goldcoast,
Chicago Regional, and Philadelphia, which used 7; = 86400 seconds, then the table shows the solve
time #; ,, (in seconds), otherwise the table shows the final relative gap y; ,, (7;) achieved by method m

in parentheses. A summary of these results is given in Table 2.

Table EC.4 Computational performance on nonsmooth instances i. The table shows either the solve time #; ,, (in seconds) for
instance i if method m achieved relative gap y; ,» (¢) < &; = 10~3 at some time ¢ < T; (T; = 24h for Goldcoast, Chicago Regional,

and Philadelphia; 7; = 1h otherwise), or otherwise the final relative gap y; ,, (7;) achieved by method m in parentheses.

Network Dafermos BTA
Braess 0.0545 0.016
Sioux Falls 0.031 0.191
Friedrichshain 0.060 15.671
Berlin Prenzlauerberg 0.315 39.797
Berlin Tiergarten 0.130 7.915
Berlin Mitte 0.220 33.597
Anaheim 0.670 140.964
Barcelona 26.931 2093.585
Winnipeg-Asym 26.739 42.728
Berlin M.-P.-F. 2.500 275.643
Winnipeg 21.447 84.343
Terrassa-Asym 25.665 280.418
Hessen-Asym 493.420 314.519
Goldcoast 3216.493 (5.32x1073)
Chicago Regional 12385.983 20352.302
Berlin Center 420.221 2014.743

Philadelphia 36485.144 (1.65x1072%)
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Figure EC.4 For nonsmooth instances 7, the curves show the relative gaps y; ,,(f) of Dafermos and BTA as a function of

computation time ¢. The dashed line shows the tolerance &; = 10~3. Each curve stops at its first recorded point with

vi,m(t) < &, or at T;. For Chicago Regional, the BTA and Dafermos time limits are 12 and 24 hours, respectively.
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Dafermos = BTA
Braess Goldcoast
T T T 102 T T
1 |
1073 | l 1 —|x i
10_6 [ 1 1072 - “—I_l_| .
-9 [ |
10 | | | | 10—4 | | | |
10-4 10-2 1 102 3600 1 10 102 103 86400
Hessen-Asym Philadelphia
= \ \ 10% T T
R ]
= 1 -
5
-2 |- |
v 10 10-2 - -
2 104 ‘ : 1074 : : ‘ ‘
10-2 1 102 3600 1 10 102 103 86400
Terrassa-Asym Winnipeg-Asym
I I
1| : 1 :
1072 - 1072 - .
1
1074 | | | 1074 | | |
1072 1 102 3600 1072 1 102 3600
elapsed time ¢ (seconds)
Figure EC.5 For nonsmooth instances 7, the curves show the relative gaps y; ,,(f) of Dafermos and BTA as a function of

computation time ¢. The dashed line shows the tolerance &; = 1073, Each curve stops at its first recorded point

with y; (1) < g, orat T;.
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Dafermos —— BTA
Berlin Center Berlin Mitte
102 T T T
1 | —
1 — —
1072 |- = 1072 _\L'-L‘x\ l
| .
10-4 | | | 10-4 | | |
107! 1 10 102 3600 1074 1072 1 102 3600
Berlin M.—P—F. Berlin Prenzlauerberg
= [ [ [ [
E 1 : 1 -
=
5
0 1072 \H—H . 10-2 |- |
g=! | \ !
E 1
L 10-4 | | | 10-4 | | |
1072 1 102 3600 1074 1072 1 102 3600
Berlin Tiergarten Berlin Friedrichshain
[ [ [ [ [
1 : . -
1072 - 1
| 1072 |- N
1074 = I
| | | —4 | | |
104 1072 1 102 3600 1074 1072 1 102 3600

elapsed time ¢ (seconds)

Figure EC.6 For nonsmooth instances 7, the curves show the relative gaps y; ,,(f) of Dafermos and BTA as a function of

computation time ¢. The dashed line shows the tolerance &; = 1073, Each curve stops at its first recorded point

with y; (1) < g, orat T;.
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Path-support sparsity. As mentioned before, in typical networks only a small fraction of the
paths from an origin to a destination carry positive flow. This observation motivated the design of
an algorithm that optimizes the objective for (small) subsets R* c R” of paths. A related statistic
that is of interest is the number of paths generated by the algorithm (3, |/R™| when the algorithm
stops) that carry positive flow in the final solution. We define a used path as a path r that has flow
g~* > 1079 in the final solution. Table EC.5 reports the number of generated paths, the maximum
number of generated paths for any OD pair, the number of used paths, and the average number of
used paths per OD pair, when the BTA algorithm stopped for Sioux Falls, Anaheim, Barcelona,
and Winnipeg. For these instances, the fraction of paths generated by the algorithm that carry
positive flow in the final solution is quite large, but the fraction tends to decrease as the network
size increases.

Table EC.5  The number of paths generated by the algorithm (¥ ;7 |R”| when the algorithm stops), the maximum number of

generated paths for an OD pair (max zeqg |R” ), the number of used paths, and the average number of used paths per OD pair, for

BTA on four smooth instances.

Network  Generated paths Maximum generated paths Used paths Average used paths

per OD pair per OD pair
Sioux Falls 922 5 779 1.48
Anaheim 4513 22 3542 2.52
Barcelona 60435 59 31268 3.95
Winnipeg 57510 85 24642 5.67

Tolling schemes. For Capacity-UE, we computed a reference flow xUF for the single criterion
(time) equilibrium problem on each network with the same OD demands as the bicriteria instances.
Recall that “arc capacities” ¢, are parameters of the BPR travel-time functions. Then we assign
monetary tolls

roundy o1 (£, (xYF))  if XJE > ¢,
Sq = ac .ﬂ,

0 if xJE < ¢,
where roundy ¢; denotes rounding to the nearest hundredth. Table EC.6 gives the results under the
four tolling schemes of Section 5.3, including computation times, final gaps, used-path counts, and

fraction of OD pairs with multiple paths with positive flow in equilibrium.
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Table EC.6

Computation times, final gaps, used-path counts, and fraction of OD pairs with multiple used paths, for the four

tolling schemes of Section 5.3. “Used” paths are paths with equilibrium flow above 1076,

Smooth instances

Nonsmooth instances

Toll scheme Time Gap Used Multi  Time Gap Used Multi
Sioux Falls

None 0.024 5.52x107° 734 0265 0.475 7.11x107* 671 0.222
MCap=1 0.021 9.13x107° 817 0.394 0.204 9.93x107* 975 0.570
MCag=18 0.011 8.19x107° 692 0.286 0.286 9.62x10™* 1176 0.697
Capacity-UE  0.013 9.55x107° 762 0.345 2170 8.57x107* 904 0.540
Anaheim

None 0.074 9.45x107% 1949 0286 0.076 5.09x107* 2034 0.337
MC ap=1 0.270 9.86x107% 2757 0.583 0.532 9.73x10™* 3631 0.764
MC ap=18 1.046 9.89x 10 3965 0.762 17.722 1.43x1073 7250 0.925
Capacity-UE  0.288 9.99x107% 2172 0.323 11.198 2.83x107% 3552 0.698
Berlin Tiergarten

None 0.028 8.51x107° 863 0.222 0.180 6.49x107* 809 0.238
MC ap=1 0.044 9.45x107% 1144 0484 0.259 9.93x10™* 1565 0.618
MCap=18 0.153 9.61x107% 1383 0.630 4.118 2.04x 107> 2534 0.835
Capacity-UE  0.023 9.20x 1076 810 0.247 1.740 9.40x107* 975 0.315
Winnipeg-Asym

None 10.783 9.45x107% 19017 0.788 69.067 8.95x10™* 14306 0.786
MCap=1 5.919 9.84x107% 20061 0.827 16.850 9.72x10~* 24380 0.882
MC ap=18 1.187 9.80x107° 14898 0.722 2.034 9.99x10™* 19598 0.919
Capacity-UE ~ 6.098 9.86x 107 19423 0.789  5.959 9.90x10~* 14293 0.829




