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Goal

® Question: In a GLM, the Fisher information depends on the parameter 6.
When is the robust design problem max, mingex log det H(\, 6)
convex—concave, and can interior-point methods solve it?

® Answer: It is convex—concave for every design if and only if log h is convex,
where h = ¢ is the scalar Fisher curvature. A quantitative strengthening
makes one homotopy self-concordant convex—concave for all t > 0, and
path following certifies an e-saddle point.

® Mechanism: Cauchy—Binet writes logdet H as a log-partition function
over bases; its Hessian in 6 is an average of the scalar curvatures (log h)”
plus a covariance.



QOutline

1. Robust D-optimal design: GLMs, the robust criterion, square designs.

. Convex—concave structure: log-convexity of h, Cauchy—Binet, leverage
scores.

. Scalar conditions: the g-VB condition, Pearson’s inequality, infinite
divisibility.

. Path following: compatibility, the uniform homotopy, global complexity.



Approximate D-optimal design

Candidate experiments: xi,...,xy € RY, the rows of X € RV*9 with
rank X = d.

Approximate design: weights A € A, the probability simplex in RV; )\; is the
fraction of runs at x;. We write A for its relative interior.

Linear model y = x"0 + noise: the information matrix 3°; \;x;x;" does not
depend on 6.

D-optimal design (Kiefer & Wolfowitz 1960; Kiefer 1974):
N
ax lo det( AiX; -T),
max logdet( 2 A

a concave problem; it minimizes the volume of the confidence ellipsoid for 6.



GLMs: the information depends on ¢

Canonical GLM: the response at x follows a natural exponential family with
log-partition function ¢ and natural parameter x'6.

Information matrix:

N
H(X,0) :=>" A\ h(x"0) xix;", h:= " >0 (scalar Fisher curvature).
i—1

Examples:
® Poisson: h(t) = e;
* Bernoulli (logistic regression): h(t) = [4 cosh?(t/2)]1;
® exponential, with rate t > 0: h(t) = t~2.
A design optimal at one 6 need not stay optimal at another (Ford, Torsney &

Wu 1992; Chaloner & Verdinelli 1995; Khuri et al. 2006).



The robust criterion

Uncertainty set: a compact convex K with nonempty interior in the natural
parameter domain; © := int K.

Robust D-optimal design:
sup inf logdet H(\,0).
red V€K
Saddle form: we minimize in A and maximize in ¢
F(X,0) = —logdet H(\, ).
F(-,0) is convex since H is affine in A\. The difficulty is entirely in 6.
Predictor range: Tx(K):={x'0:0c K, i=1,...,N}. All scalar
conditions are imposed there.



Square designs: a scalar test

“Square designs reduce the question to the scalar function log h.”

e If N =d and X is invertible, then u = log h for three families
d
log det H(\, 0) =" u(x;'0) + const, ?
i=1
where 1 :=— log h and the constant does ex‘lf’)’;i’;txia':
not depend on 6.

21
e Concavity of F(),-) for all square designs m

-
-
-

-
-
-

Poisson: affine

forces u convex. 0 1 ’ 3
® Can redundancy, N > d, destroy this t
scalar characterization?



Main question

Question: Which scalar property of h makes the robust problem (a)
convex—concave for every design, and (b) solvable by interior-point path
following with constants that depend only on h?

® Robust GLM designs: Sitter 1992; Dror & Steinberg 2006; Woods et al.
2006; Li, Kang & Deng 2022. Maximin efficiency: Dette 1997; Braess & Dette
2007.

¢ Saddle-point interior-point methods: self-concordant convex—concave
(SCCC) functions, Nemirovski 1999.

¢ | ogarithmic—volumetric potentials: Vaidya 1996; Anstreicher 1997;
Jézéquel, Ostrovskii & Gaillard 2025; Tseng et al. 2025.
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2. Convex—concave structure: log-convexity of h, Cauchy—Binet, leverage
scores.



Log-convexity characterizes convex—concavity

Theorem 1

Let J be an open interval with h > 0 on J, and v := log h. The following
statements are equivalent:

(a) uis convex on J;

(b) F is convex—concave on A x K for every full-rank X and every K with
Tx(K) C J.

e Sufficiency holds design by design: if u is convex on every interval x K,
then F(),-) is concave on K.
® Necessity is one-dimensional: N =d =1 and x; = 1 imply
F(1,0) = —u(h).
® Minimax interchange (Corollary, via Sion 1958): under (a),
infy supy F = supy infy F.
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Proof: logdet H is a log-partition function
“Redundancy adds curvature in 0; it cannot destroy convexity.”

Bases: By is the set of d-subsets S of rows with det X5 # 0.
Cauchy—Binet and h = e" imply
det H(A,0) = > det(Xs)? [ Aih(x"0) = > e”

SEBx ieS SeBx
ws(6) := log (det(Xs)2 H )\i) + Z u(x'6).
i€S ieS

Basis law p) ¢(S) x e"s(?). Differentiating twice (log-sum-exp), we obtain
VZlogdet H(\, 0) = Ey g [Z "(x0) xix } + Cov), 9(2 u'(x'6) x,-).
i€S i€S
u” > 0 makes the first term 3= 0; the covariance is = 0, and it vanishes for square
designs.



Leverage scores and logistic regression

“The covariance term cannot rescue logistic regression.”

* Leverage scores: ; := Pr[i € S] = \h(x"0) x"H x;, 0< 7 <1,
Yim=d.
* Two-sided bound (Corollary) with n; := x0:

Zﬂ', (ni)xix;' < Vi logdet H < Zﬂ;(u"(n;)+2(1—7r,) (77,)) XX .

o Loglstlc regression: if Tx(K) C (—t,, t.), t. ;= 2arcsinh(1/2) ~ 0.96, then
u" +2(u')? < 0 there, and F (), ) is strictly convex for every X and every M.
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3. Scalar conditions: the g-VB condition, Pearson’s inequality, infinite
divisibility.



The ¢g-VB condition

Definition (g-VB condition; cf. Tseng et al. 2025)

For g > 1, h satisfies the g-VB condition on an interval J if h"h > q(h')? on J. It
is weak if g =1 and strong if g > 1.

* Differential identity: h"h— q(h')* = h*(u" — (q — 1)()?). For g =1, the
weak condition is log-convexity.

® Power form (Lemma): for ¢ > 1, the g-VB condition holds <= h'~9 is
concave.

e Examples: h =t has gma.x = 1 + 1/k; Poisson has gm.x = 1; logistic fails
for g = 1.

¢ Strong conditions are local: on all of R only a constant h satisfies one.



Two strengthened scalar assumptions

Assumptions on the predictor range 7x(K)
(A1) u" > (g — 1)(u)? for some g > 1. (A2) |u"| < 2M,, (u")¥/2.

e Different roles: (Al) bounds the slope of u in its own metric,
|| /V/u" < 1/+/q — 1; (A2) bounds the variation of that metric.
® Neither implies the other:
® normal plus exponential, ¢(t) = % —log(1 —t): g =3/2, but no finite M;
® Poisson: M, =0, but gmax = 1.
® Power profiles h = t=%: u= —klogt is k times the log barrier of the
half-line, and ¢ — 1 = Mé =1/k.
® For simplicity, M, < 1 from now on. Then u is a standard self-concordant
function with (v')2 < u”/(q —1).



Beyond log-convexity: Pearson’s inequality

Proposition (Pearson 1916)

For every canonical family, u” > —2h, with equality iff the centered response takes
two values.

¢ Proof (Méri, Rohatgi & Székely 1993): the derivatives of h are cumulants of
Z =Y —-EY, and
(Cauchy—Schwarz)
(H)? = Cov(Z, Z%)? < Var Z - Var Z? = h(h" + 2h?).
® Curvature correction: logdet H + 23", o(x;'6) is concave in \ and convex in
0; the design problem at each fixed 6 is unchanged.

® The coefficient 2 is sharp for square logistic designs, and it restores concavity
but not self-concordance.
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Infinite divisibility: v is a log-partition function

Lemma (Lévy representation)

The law at 1 is infinitely divisible, with Gaussian variance o and Lévy measure N,
iff
hn) = [ o(dy),  oldy) = oao(dy) + y*A(dy).

e Auxiliary family f’n(dy) oc e )Y p(dy), with log-partition function u:
_ — ~ ~\3
v =Ky, o =Va,Y, u'=E(Y-EY).
¢ (A1) bounds the auxiliary mean by its standard deviation; (A2) bounds its
standardized skewness.

o ' = \TafrnY > 0: every infinitely divisible family is log-convex, and
Theorem 1 applies.



Sufficient conditions on the representing measure

Proposition

(i) If o has a log-concave density, then (A2) holds with M, = 1; if h*/* is the
Laplace transform of a log-concave density, then with M, =1/ Vk.

(i) If o(dy) = r(y)dy ony >0 and 0 < —y?(log r)"(y) < &, then (A1) holds

with g = 1+ =15, and (A2) with M, = 1.

e Compound Poisson, exponential jumps: h(t) =2(1—t)73; (i) with k=3
implies the sharp M, = 1/4/3, although ¢ is not self-concordant.

e (ii) is exact for power profiles, and it reaches beyond them:
h(t) = [t(t + 1)] " has gmax = 3/2 and M, = 1.

® A log-concave law need not have a log-concave p: for normal plus exponential,
0 has an atom at 0.



Sharp constants for standard families

Family h(t) Domain Gmax M,
Gamma / exponential o t72 (0, 00) 3/2 1/v/2
Inverse Gaussian o t73/2 (0, 00) 5/3 2/3
. —r—2 1 1
Compound Poisson—-Gamma o< t7" (0,00) 14 5 NG
Spectrally positive stable, 1 < o <2 o t*2 (0,00) 1+ 2_1a 21704
Non-power infinitely divisible [t(t+ 1))t (0,00) 3/2 1
Poisson et R 1 0
Bernoulli [4 cosh?(t/2)] 7t R — —

® The first four rows are power profiles t™%: gmax = 1+ 1/k and M, = 1/\/;
e Poisson is log-convex but fails (Al); Bernoulli fails log-convexity.
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4. Path following: compatibility, the uniform homotopy, global complexity.



Self-concordant convex—concave functions

¢ Saddle metric of a convex—concave f at w = (x,y):

Se(w) = V3 f(w) & (=V5,f(w)), €7, =€ Sew) €.

Definition (Nemirovski 1999)
fis M-SCCCif |D*f(w)[¢, &, &]| < 2M||€]I3,,; standard if M = 1; an SCCC barrier
if f(-,y) and —f(x,-) are barriers.

e Closure: af is (M/\/a)-SCCC; f + g is max{Ms, M,}-SCCC.
e Design barrier: Ba()\) := — > ;log \;, standard, with parameter N.

e Target: one constant vy such that v[t}" + Ba — B@] is standard SCCC for
every t > 0, for a parameter barrier Bg.

parameter barrier — trace calculus — compatibility — uniform homotopy — gap and algorithm



The parameter barrier

* Log-curvature potential: Ux(0) := 3, u(x'60), with
V2Ux(0) = XT diag (u"(x70)) X.

Under (A1) and (A2), Ux is standard self-concordant, and for 6 € ©, § € K,

DU (B)[V]? < qﬁ’l DUx()lv.]. DU~ o] <

e Second bound: tangent inequality of the concave h'~9 = e=(9-Dv >
(power form).

¢ Combined barrier: with a self-concordant barrier G for © with parameter vg,

N
Beo := Ux + G has parameter g = P + vg.
q —_—

parameter barrier



Volumetric trace calculus
“The g-VB condition is a trace inequality in disguise.”
® F(\,-) = —logdet V2Ly with Ly(0) := 3; Nip(x'0): —2 times a volumetric

barrier.
® Pieces B; .= H_1/2()\,-h(17,-)x,-x,-T) H=1/2 % 0 sum to /. Along v, with z; == xT v,
h// h///
S =Y u(n)zB, T:=) ?(Ui)ZiQBh Us=>" 7(77;)2,'33,'

i i

are the first three derivatives of H=1/2H(\,0 + sv)H /2 at s = 0.

—D3,Flv,v] =tr T —trS? and D3,y Flv,v,v] = —tr U+ 3tr(TS) — 2tr S5.
Under the q-VB condition, tr T > qtr S?; hence —D3,F[v,v] > (g — 1)tr S2.

. 2 .
¢ |dea: hT" > q(u')? termwise, and 3°; a?B; = (3°;a;B;)” for all a € RN since

trace calculus



Compatibility of 7 with the product barrier

“One power of the barrier norm survives the path weight.”

Proposition (compatibility)
Under (A1) and (A2), let B := Ba + Be and ||¢||5,, == £TV?B(w)&. Then

|D>F(w)[E, & €]l < Buom 1E1F . 1€l 8w
with an explicit Bnom that depends only on q and M.

¢ Why this form: squared saddle norm of F, one power of the barrier norm
(Nemirovski 1999). Replacing F by tF multiplies both sides by t.

® By contrast, the self-concordance modulus of F + 7By — pUx — oG
deteriorates as 7, p,0 — 0.
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The uniform homotopy

Theorem 2
Under (A1) and (A2), let 7, := (ﬁhog“) . For every t >0,

fi(A,0) := 7, [t F(X,0) + Ba(X) — Bo(0))]

is a nondegenerate standard SCCC barrier on A x ©. Its saddle point (A, ;) is
unique, and Ao = +1, 6 = argmin Be.

® One normalization: 7, depends only on g and M, not on t, N, d, X or K.
® Proof: compatibility and self-concordance of B imply

|D*(:/70)1€, & €1 < BromtENIFIEN 5 +2]1€]13 < (Bhom+2)(t||§||f+||£||) .
—ligI2,
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The saddle gap along the path

Theorem (gap at the center)

The saddle gap Gapz(\, 0) := supg.y ()\ 0) —inf5.x F(X,0) at the center of
F +71Ba — pUx — oG is at most TN + 1 + ovg. Along the path,
Gapr(Ae, 0;) < Mire.

® Proof in A: optimality and convexity imply Ax© saddle point, £ — 0o
F(Ac,0)—F (X, bc) < TDBA( J-A < T
® In 0: DUx[f — 6] < -, and the oscillation of (A, 60)

.
o/ iterate,

Ux over K never enters
X v(fe, w) < %

¢ Certificate (Nemirovski 1999): proximity
v(fy, w) == | VE(W)|ls, (w1 < 15 implies t=0: (51,6)

Gapr(w) < @, ¥ = max{N,vg}.

gap and algorithm



The path-following method

3. Path following

1. Centering 2. Initial weight ; y
damped Newton on v,,B t = 1: halve t t < E_+CExf)t t) en
until v(fy, w) < % until v(f, w) < % w W),

until t > 4d/e

® Input: ¢ >0and any W% € A x ©. Step: a:=1//7,7.

¢ Corrector C: the Saddle Newton method (Nemirovski 1999), full Newton steps for
f; tilted by a linear term whose weight is driven to 0.

Theorem (correctness)

From every w? € A x ©, the method is well defined, terminates, and returns (A, 0) with
Gapr()\,0) < e.

gap and algorithm 24 /27



Global complexity

Theorem 3

Under (A1) and (A2), from any w® € A x © the method returns a pair with
Gapy < € after

Ot <(N +vg) log(1 + Rin) + /N + vg [1 + log, WD

Newton steps, updates of t and proximity tests in total.

e Centering costs the first term, where R, is the radius of A x © in the local
norm of B at w°; path following costs the second.

e Each Newton step costs O((N + d)3) arithmetic operations.
* If g = O(d), the total is O(N log[(1 + Rin)(1 + N3/2/2)]): linear in N.
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Summary and open problems

Structure (Thm. 1): convex—concave for every design <= log h convex.
Families: Pearson’s correction with sharp coefficient 2; infinite divisibility
turns (A1)—(A2) into moment inequalities.

Algorithm (Thms. 2-3): uniform SCCC homotopy, certified e-saddle point.
Open problems:

® corrected logistic: complexity independent of the predictor range;
® fixed redundant designs: concavity in 6 without convexity of log h;
® other criteria: A-optimality, Kiefer's ®, family.

Thank youl!
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