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SDP Formulation handled by HALLaR

• HALLaR is a low-rank AL method which handles

min
X∈Sn

{ ⟨C ,X ⟩ : A(X ) = b, trX ≤ R, X ⪰ 0} (P)

where R > 0, b ∈ Rm, C ∈ Sn, and A : Sn → Rm is a linear map

• HALLaR+ is a new variant of HALLaR that handles problems without the trace
bounding constraint
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SDP formulation handled by HALLaR+ is

min
X∈Sn

{ ⟨C ,X ⟩ : AX = b, X ⪰ 0 } (P)

whose dual is

max
p∈Rm

{ ⟨b, p⟩ : S := C −A∗p ⪰ 0 } (D)

Assumption: the optimal solution set of (P) is nonempty and bounded, and there
exists a KKT pair (X∗, p∗) for (P) and (D), i.e.,

AX∗ = b, X∗ ⪰ 0, S∗ := C −A∗p∗ ⪰ 0, ⟨S∗,X∗⟩ = 0
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Computational difficulties in solving huge SDPs

• Projecting (usually dense) matrices onto Sn+ or ∆n (which many projection-type
methods do) is expensive since it requires full eigen-decomposition. Instead,
HALLaR+ computes min eigen-pairs of structured matrices (e.g., sparse ones)

• Projecting onto {X : AX = b} (which a few methods do) is costly. Being a
primal-dual method, HALLaR+ never performs this projection

• Storing the n × n matrix variable X requires huge amount of memory

• a laptop with 32 GB of memory can only store a fully dense X with n ≈ 65, 000

• HALLaR+ addresses this limitation by using a low-rank factorization scheme
proposed by Burer and M** (2003) where all iterates have the form X = UUT for
some n × r matrix U with r ≪ n, and only U is stored
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Outline of HALLaR+

HALLaR+ is an inexact augmented Lagrangian (AL) method

• Let initial multiplier p0 ∈ Rm and penalty parameter β0 > 0 be given

• for every t ≥ 1, its t-th iteration consists of

Xt ≈ argmin
X∈Sn ,X⪰0

{
Lβt−1(X ; pt−1) := ⟨C ,X ⟩+ ⟨pt−1, b −AX ⟩+

βt−1

2
∥b −AX∥2

}
(ALt)

pt = pt−1 + βt−1(b −AXt) , βt = 2βt−1

• HALLaR+ uses a hybrid Frank-Wolfe (HFW) variant to solve subproblem (ALt)

• HFW generates Xt in factored form Xt = YtY
T
t where # of columns of Yt ≪ n

• Only Yt is computed and stored (Xt is never computed)
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Outline of HFW for solving subproblem (ALt)

0) Let Ũ0 ∈ Rn×r̂1 be the near-global solution Yt−1 found for subproblem (ALt−1)
and set k = 1

1) Starting from Ũk−1 ∈ Rn×rk , use a nonconvex composite optimization solver, called
ADAP-AIPP, to find a near stationary point Uk of the unconstrained problem

min
U∈Rn×rk

Lβt−1(UU
T ; pt−1) (Pk)

2) If UkU
T
k is a near-solution for subproblem (ALt), then set Yt = Uk and stop

3) Perform a FW step w.r.t. subproblem (ALt) at Uk to obtain Ũk ∈ Rn×rk+1 , set
k ← k + 1, and go to step 1
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Step 2 - Check near optimality of UkU
T
k for subproblem (ALt)

• Compute a min eigenpair (λmin(Sk), vmin(Sk)) of Sk := ∇XLβt−1(UkU
T
k ; pt−1),

with ∥vmin(Sk)∥ = 1, and set

yk =

{
vmin(Sk) if λmin(Sk) < 0,
0 otherwise

• If
λmin(Sk) ≥ −ϵd |⟨SkUk ,Uk⟩| ≤ ϵc

then declare Uk to be a near-solution of (ALt)

Remark. The above termination condition is related to the one used in a method by Duchi et al.
(2020) for solving a static convex problem over Sn

+.
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Step 3 - Performing the FW step at UkU
T
k for (ALt)

• Given Uk and yk obtained in steps 1 and 2, respectively, compute the
two-dimensional search

(αk , ωk) = argmin
α,ω

{
Lβt−1

(
αUkU

T
k + ωyky

T
k ; pt−1

)
: α ≥ 0, ω ≥ 0

}
and set

(Ũk , rk+1) =

{(√
ωk yk , 1

)
if αk = 0([√

αk Uk ,
√
ωk yk

]
, rk + 1

)
otherwise

Remark. The two-dimensional conic search above is motivated by Laue (2012), who proposed a
related search for a static convex problem over Sn

+.
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Theorem (Iteration-Complexity for HALLaR+)

Given a tolerance ϵ > 0, HALLaR+ finds in

O
(

1
ϵ2

)
iterations, and hence eigenpair computations, an ϵ-solution (X̄ , p̄) of (P)-(D), i.e.,

(ϵ-primal feasibility) ∥b −AX̄∥ ≤ ϵ, X̄ ⪰ 0
(ϵ-dual feasibility) λmin(S̄) ≥ −ϵ

(ϵ-complementarity)
∣∣⟨S̄ , X̄ ⟩∣∣ ≤ ϵ

where S̄ := C −A∗p̄
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Solvers included for Comparison

Our benchmark uses three SDP collections and compares the single GPU version of
cuHALLaR+ (C) against three other single-GPU solvers:

• cuHALLaR (Julia): original GPU implementation of the HALLaR method
(Aguirre et al. 2025) for SDPs with a trace-bounding constraint

• cuLoRADS (Julia): augmented Lagrangian/ADMM method that solves the block
ADMM subproblems using conjugate gradient (Han et al. 2024)

• CARDAL (C): curvature-aware, rank-adaptive augmented Lagrangian method
based on the low rank factorization (Li et al. 2026)

All experiments were run on a single NVIDIA H200 GPU with 144 GB of memory
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The benchmark is based on four groups of SDP instances:

• Matrix Completion SDP relaxations

• Maximum Stable Set SDP relaxations

• Quadratic Assignment Problem

• Instances from the Mittelmann SDP collection

Termination criteria:

max

{
∥AX − b∥2
1 + ∥b∥2

,

∣∣min{0, λmin(C −A∗p)}
∣∣

1 + ∥C∥F
,

∣∣⟨C ,X ⟩ − ⟨b, p⟩
∣∣

1 +
∣∣⟨C ,X ⟩

∣∣+ ∣∣⟨b, p⟩∣∣
}
≤ ϵ
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Computational Results: Matrix Completion, Stable Set, and Quadratic Assignment Problem
Instance Runtime (seconds) Ratio

Problem Size cuLoRADS cuHALLaR cuHALLaR+ cuLo/cuHA+
Matrix completion: rank r ; size (n1, n2;m)

r = 3 240K, 360K; 71.8M 121.79 13.9/3 9.73/3 12.52
r = 3 320K, 480K; 97.9M 243.84 19.4/3 17.95/3 13.58
r = 3 400K, 600K; 124M 313.27 23.7/3 20.09/3 15.59
r = 3 480K, 720K; 151M 284.84 34.0/3 16.81/3 16.94
r = 3 640K, 960K; 206M 550.23 47.3/3 29.83/3 18.45
r = 3 800K, 1.2M; 261M 512.35 57.7/3 24.89/3 20.58

Maximum stable set: size (n;m)
G11 800; 1.60K 2.77 3.80/2 2.81/2 0.99
G55 5K; 12.5K 193.86 68.02/45 38.45/45 5.04
G81 20K; 40K 2788.62 64.20/3 52.19/3 53.43

Oregon-2 11.8K; 32.7K 939.69 379.45/55 184.30/55 5.10
delaunay-n14 16.4K; 49.1K 628.73 81.23/34 53.17/34 11.82

H14,2 16.4K; 115K 145.34 2.89/2 1.92/2 75.70
Quadratic assignment (QAPLIB): size (n;m)

tai50a 2.5K; 2.55K †(3.6e-2) – 50.87/196 (2.6e-2) –
tai60a 3.6K; 3.66K †(4.5e-2) – 91.21/248 (3.1e-2) –
tai80a 6.4K; 6.48K †(1.6e-2) – 240.36/231

(2.4e-2)
–

tai100a 10K; 10.1K †(4.6e-2) – 274.07/221
(2.2e-2)

–

Table: Single-H200 results with 10−5 tolerance and 3,600sec time limit.
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Benchmark for some Mittelmann SDP instances

Problem Instance Time (s) Time ratio
name n m CARDAL cuLoRADS cuHALLaR+ cuLo/cuHA+

1et.2048 2,048 22,529 472.23 59.43 35.62 1.67
G40_mb 2,000 2,001 TL/1.8e−4 6.71 5.12 1.31
hand⋆ 1,296 1,297 305.47 3.41 3.09 1.10

p_auss2_3.0 9,115 9,115 79.68 10.99 8.75 1.26
cancer_100 569 10,469 280 203.08 89.79 2.26⋆
checker_1.5 3,970 3,970 0.44 3.28 4.60 0.71

foot 2,208 2,209 138 74.72 95.39 0.78⋆
G48_mb 3,000 3,001 693 2.68 2.82 0.95⋆
G60_mb 7,000 7,001 TL/N/A 30.95 5.51 5.62
ice_2.0 8,113 8,113 48.3 11.99 1.47 8.16
rendl1 2,000 2,001 1586.81 11.85 10.39 1.14⋆

theta102 500 37,467 1576.40 14.07 12.28 1.15⋆

Table: Single-H200 results with a 3,600-sec time limit. ⋆ indicates the COPT log has max |DIMACS| > 10−5.
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Conclusion

• We have developed CPU and GPU solvers, HALLaR+ and cuHALLaR+, for
solving huge SDPs in general standard form, i.e., without requiring the user to
supply a trace bound

• HALLaR+ (resp., cuHALLaR+) can often solve SDPs with dimension pair on the
order of millions in under a few hours (resp., few minutes)
• We are currently working on variants that handle SDPs with inequality constraints

and/or block-structure matrix variable, and with the option of using multiple GPUs
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Thank you all!
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Low-Rank Idea: Burer-M*** Method (2003)
• Burer-M*** proposed a low-rank method in 2003 to circumvent all 3 of these

issues
• Especially the issue of storing X .

• Idea: restrict SDP to matrices of rank r . That is, they consider:

min
U

{
C • UUT : A(UUT ) = b, U ∈ Rn×r

}
(Pr )

• Advantage: matrix variable U has n × r entries. X in (P) has n(n + 1)/2
• Due to results from Pataki and Shapiro, if r is chosen large enough then if U∗ is

optimal for (Pr ) then U∗U
T
∗ is optimal for original problem (P).

• Problem: (Pr ) is nonconvex. Finding optimum is NP-hard.
• Nonconvexity is benign

• If r large enough, then almost always, local minima of (Pr ) are global minima of
(Pr ).

• Still, limited study of complexity/convergence rate guarantees
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Step 1: Solving the Nonconvex Subproblem (Pk)
• Recall that, using Ũk−1 as initial iterate, the goal of ADAP-AIPP is to find a

near-stationary point Uk of

min
U∈Rn×rk

Lβt−1(UU
T ; pt−1) (Pk)

• ADAP-AIPP is an adaptive accelerated inexact proximal point method which is
completely parameter-free; it is based on ideas from Carmon et al. ‘18, Paquette
et al. ‘18, Kong et al. ’19, and Sujanani & M** ‘23)
• More specifically, started from V0 = Ũk−1, ADAP-AIPP iterates as

Vi ≈ argmin
U∈Rn×rk

{
Lβt−1(UU

T ; pt−1) +
1

2λi
∥U − Vi−1∥2

}
until a near-stationary point Vi =: Uk is obtained, i.e., ∥Rk∥F ≤ ρ̄ where
Rk = 2SkUk

• ADAP-AIPP uses an adaptive version of FISTA to solve its prox subproblems
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0) Let Yt−1 ∈ Rn×r̂1 be the near-solution found for subproblem (ALt−1) and set Ũ0 = Yt−1 and k = 1

1) Starting from Ũk−1 ∈ Rn×rk , use ADAP-AIPP to find a near stationary point Uk of

min
U∈Rn×rk

Lβt−1 (UU
T ; pt−1) (Pk )

2) If UkU
T
k is a near-solution for subproblem (ALt), then set Yt = Uk and stop

3) Perform a FW step w.r.t. (ALt) at Uk to obtain Ũk ∈ Rn×rk+1 , set k ← k + 1, and go to step 1

Remarks:
• Every iteration k of HFW computes a near-stationary solution Uk of (Pk) (using

Ũk−1 as a warm start) and performs a FW step to escape from Uk in case it is
spurious
• All inner iterates generated by ADAP-AIPP, and hence Uk , have rk columns
• Ũk generally has rk + 1 columns, i.e., rk+1 = rk + 1 (but rk+1 = 1 is possible but

very unlikely)
• In practice, HFW usually perform only one iteration to solve most of the AL

subproblems, in which case, its output has the same number of columns as its input


